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1 Angular Momentum and Angular Velocity

So far we know about scalars (single number) and vectors (which can be written as triples
of components). In rigid body motion, we will want to deal with more complicated objects.
The relationship between the angular momentum L and angular velocity & will be described

—
by a tensor I .
First recall momentum and velocity. Imagine N particles all moving with the same
velocity . The total momentum is

N N N
——

The momentum vector equals a scalar mass times the velocity vector. So
o P| ¥
e P is linear in v, i.e., if ¥ — ¢v/, then P — cP.

Now, consider N particles all rotating with angular velocity &. From chapter 7, we recall
this means each one has a velocity

The total angular momentum is
N N N :(Fka)Q*Fk(FkQ)
L=> X pe= Y 7k x (mgit) = > my 7 x (& X 7%)
k=1 k=1 k=1
N (1.3)
=Y (i@ — 7. (7 &)
——

Note that L is still linear in & (if & — ¢, then L —» ¢L) but the two are not in general
parallel. We’d like to pull & out of the sum like we did with ¢ but we don’t yet have a
notation for it.

1.1 Matrix Approach

We can write the components in a matrix:

L, N W Ty
2
L,| = E mi |15 wy | — | v | (@rws + yewy + 2pw;)
L, k=1 W, 2k
- (1.4)
N Wy Tp Wy,
= g Mg (T | Wy | — | Yk (l’k Yk Zk) Wy
k=1 W, 2k W,




Well, that’s interesting. If we define column vectors (3 x 1 matrices)| L, ry and w, (1.4) can
be written

L= Z riw — 1y (r) )] (1.5)

where 1, T is the 1 x 3 matrix which is the transpose of r,. But, now, matrix multiplication
is associative, so
(v w) = (ryry, " w (1.6)

where the quantity in parentheses on the right-hand side is the 3 x 3 matrix
Tl TkYk Tkk

rkrkT: YTk YeYe Yrik (1-7)
RkTE  ZEYk  Zk2E

So ...
N N
L= ka [riw — (rprw] = {ka [r7l — 1y, } w = Iw (1.8)
k=1 k=1
where
100
010 (1.9)
0 01
is the identity matrix and we’ve defined the 3 x 3 matrix
N
= Z T‘kl - I‘]gI'kT}
N ;4 vyl + 2} 0 0 TpTp TpYr TpZk (1.10)
= Z 0 ay + i + 2 0 — | YTk  YrYr YrZk
k=1 0 0 ZL’% + y,i + Z% ZEXE  REYk  RERE

2 Tensors

Of course, we don’t do physics in terms of matrices, but rather in terms of vectors to stress
the geometrical signiﬁcance.ﬂ
The operation
) W = Ty + Ypwy + 2w, = Tk - & (2.1)

we understand as a dot (scalar) product. But how about ryr;T which would produce not a
number but a 3 x 3 matrix?

'We use boldfaced letters to describe matrices but not vectors, as defined in the Inotational handout}
2 A matrix v is just a particular set of three numbers which may represent the components of a vector in
one basis. A vector ¥ is a geometric object which has meaning independent of any particular choice of basis.




2.1 The Tensor (dyad) Product

We define a new notation. ¥ ® 7 is the Tensor Product of a vector with itselfF]
In general, the object A® B is a “dyad”, which is a kind of tensor. (In general a tensor
is a dyad or a sum of dyads.) It is defined by its dot product with a vector C, i.e.,

—

(Ao B)-C = A(B-C) (2.2)

. . . Ao . = =
We define another kind of tensor, the identity tensor 1 by its dot product 1 -C' = C.
With this expansion of notation we can write

=T (2.3)

where

N

Rprg Ao R =

I = E me(ri 1" — 7 @ %) (2.4)
k=1

is the inertia tensor, a property of the mass distribution.

2.2 Tensor Operation
Given a tensor ? we can define the following operations:
e Multiplication by a scalar a?
e Addition of two tensors ? + ?
e Dot product with a vector ? “Aor A- ? (note these are in general not the same.

As a warning, Symon’s equation (10.19) is trying to say that T C+C- T in general, but
if you only read the equation and not the text around it, it looks like the opposite. As an
explicit example, consider the case where ? =2 -y and C = 2. Then

T .C=(&-9) &=alg—a720 (2.5)
but
T.C=t-(@-9)=@ D)=y (2.6)

2.3 Components of a Tensor

Just as any vector can be understood in terms of its components in an orthonormal basis:
C=Cui+Cyj+C.2 (2.7)

any tensor also has components.

3In Symon’s notation, the two vectors are just written side-by-side, so he calls this rr. This is potentially
confusing notation, since it’s the same as ordinary scalar multiplication, so we will always include the “®”
and you’re expected to do likewise on homeworks and exams.
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Start with a dyad:
A®B = (A, i+ Ayj+ A, 2)® (B, + By g+ B. %)
— AB,i®i+AB,i®@)+AB,i®3%
+ AB, 1@+ AB, @G+ AyB. §® 2
+A.B, (@i +A.B, ;@) +A.B., :®3%

(2.8)

In general, any tensor can be written
T = T,.6084T,20)+T, 203
+T1,,208+T,,200+1T,, 2Q 2

2.3.1 Tensor Components and the Matrix Representation

Now we can make the connection to the matrix T in the analogy; if
X =T = [(Toai4 Ty i+ To0 ) @ &+ (Tay &+ Ty i+ Toy 2) ®
+ (T8 4+ T g+ T 2) @ 2] - (Cod + Cyg + C. 2)
= (1,.C, + 1,,Cy + 1,.C,) 2 + (1,.C, + T, Cy + T,.C.)y + (12..Cy + T2, Cy + T7.,C) 2
(2.10)

then
T0eCy + T, Cy + T,.C, T, T,
X=|T1T)Co+T,Cy+T,.C. | = |Tya Tyy Ty c,| =TC (2.11)

To make the notation a little more compact, define

1=z (2.12a)
To =1y (2.12Db)
T3 =2 (2.12¢)
and
o (2.13a)
&y = i) (2.13b)
é3 =12 (2.13¢)
so that
3
C=> Ci (2.14a)

3
T =31y 0¢ (2.14b)
T



Note the repetition of the index j on T;;Cj; this is the standard pattern for matrix multipli-
cation.

2.4 Inertia Tensor of a Solid Body

Recall our definition of the inertia tensor
< N <
I'=> m(r; 1 =7 @) (2.15)
k=1

This is for a collection of point masses. For a continuous mass distribution, we make the

usual substitution v
S g — ﬂj p(7) &3V (2.16)
k=1

T={[[ o 2T -rer| eV (2.17)
We can write this in terms of components as
[7;]' = ffj p(’F) [7"2(51']‘ — T’i’f’j} d3V (218)

Where we have defined the incredibly useful notation for the components of the identity
tensor:

SO

3 3

T=YYs,a0¢ (2.19)

i=1 j=1

or of the identity matrix:

1= (521 622 (523 = 010 (220)
031 032 Os3 0 0 1
SO
1 ifi—
by =4 7 (2.21)
0 ifi#£
This is called the Kronecker delta and is incredibly useful. Learn it!
3 More Properties of Tensors
3.1 Transpose
A vector C' can correspond to a column vector C or a row vector Ct, e.g., in
A.-B=A"B (3.1)



and L
A® B+ AB" (3.2)

Given a tensor ? which has a corresponding 3 x 3 matrix T, we can take the transpose ?
which is a different 3 x 3 matrix and ask what tensor corresponds to that.

In terms of components
T," = T, (3.3)

SO
3 3

3 3 3 3
T
T =3 YT aes =Y Taws =YY Tyé ok (3:4)
T T T N——
i=1 j=1 =1 j=1 =1 j=1 X AT
(€;®¢é:)
where we've renamed i to j and vice-versa in the last step.
Another way to get this is to start from

Ao B) =BeA (3.5)

T
A symmetric tensor obeys ? = ?, ie., T = Tj.
T
An antisymmetric tensor obeys ? =-T, ie., T;; = =T}.
Examples of symmetric tensors include the identity tensor 1 , the dyad product of a

vector with itself A ® f_f, and the inertia tensor I .
As an example of an antisymmetric tensor, start with any vector A and define a tensor

Q which corresponds to the matrix

0 A, —A,
*A=|-4A, O A, (3.6)
A, —A, O
Note that
0 A, —A, B, A.B,— A,B,
*AB=|-4., 0 A, B, | =|-A.B,+ A,B. (3.7)
A, —-A, 0 B, A,B, — A, B,
So
A.B=—AxB (3.8)

If we count the number of independent components, a symmetric tensor has six and an
antisymmetric tensor had three, the same number as a vector.

1 4 x 1
2

5 2
Symmetic: 6 Antisymmetic: 3 (3.9)
3 X

So in fact any antisymmetric tensor can be written as the dual of a vector.



3.2 Change of Basis

The same vector can be written in two different bases:

3 3
V=0, 840, 0+ 0,2 =vp &' + v, +v, 2 = Zviéi = Zvi/ég (3.10)
i=1 i=1
The same can be done with a tensor:
elements of elements of
3 3 matrlx T 3 3 matrix T/
TSN Ty aee=-3% T, dof (3.11)
i=1 j=1 i=1 j=1
Note
k’f’ = €k ? Z Z €k 62 z €j . é;) (312)
1 j=1 ~
=1 j= A ) T
ki Agj Ajg
This is equivalent to the matrix expression
T = ATA" (3.13)

Note
PN 3 3
=) é@é=) éad (3.14)

is the same in any orthonormal basis because the transformation between orthonormal bases
obeys
AAT =1 (3.15)

ie.,

We call A an “orthogonal” matrix.

3.2.1 Diagonalization of a Symmetric Tensor

Claim: Given any symmetric tensor ?, there is an orthonormal basis {a;]i = 1...3} such
that we can write

T =S Ty @t =T iy ® iy + Tyt @ i + Ty iy © i (3.17)

=1

This is because the corresponding symmetric matrix can be diagonalized.
Recall the eigenvalue problem: for which column vectors v and numbers A does Tv = Av?
First, write it as

(T—A1)v=0 (3.18)
If T — A1 is invertible, the solution is

=(T—-A1)"'0=0 (3.19)

8



so there is only a non-trivial solution if det(T — A1) = 0:

Ty =X T T3
Ty Tw—A T |=0 (3.20)
T3 Tzp T35 — A

Since the left-hand side is a cubic polynomial in A, there are (up to) three eigenvalues.
o If T is real and symmetric, its eigenvalues are all real numbers.

o If T is real and symmetric, eigenvectors corresponding to different eigenvalues are
perpendicular.

o [f multiple eigenvectors have the same eigenvalue, any linear combination of them is
also an eigenvector with the same eigenvalue:

T(avy + bvy) = aAvy + bAvy = A(avy + bvs) (3.21)

So (for a symmetric tensor ?) we can always choose an orthonormal basis of eigenvectors.
U; = ”Tl‘ is also an eigenvector; call the eigenvalue T}, so that

|¥;
T i, =Ty (3.22)

And we can find the components in the basis {@;]i = 1,2,3} as

W T -y = (@ ,)T; = 0T, (3.23)

So
T = Tit1 ® 61 + Tofls ® fia + Tyl ® il (3.24)

This gives us the beginnings of a geometric interpretation of a tensor ?, at least if that
tensor happens to be symmetric. A symmetric tensor defines a preferred set of orthogonal
axes, with (not necessarily positive) numbers associated with each one.

There are different possibilities:

e All three eigenvalues {71, T, T3} are different. In that case the basis {uy,Uo, U3} is
unique (up to cyclic redrderings of the basis vectors).

e Two eigenvalues are equal (77 # Ty = T3). Then 4, is unique (up to a sign), and s
and ug form an orthonormal basis for the plane perpendicular to ;.

e All three eigenvalues are equal (773 = T, = T3). Then any vector is an eigenvector of

and the tensor is diagonal in any orthonormal basis. Symon calls this a “constant
tensor”, alth01<1§>h a more appropriate term would be “isotropic”. In this case, we can
write =T, 1 without reference to any basis.



4 The Inertia Tensor

4.1 Review: Characterization of a Symmetric Tensor

Last time we saw any symmetric tensor (? can be written
<7 - TllALl ® le -+ Tgag ® ﬁQ + Tgﬁg ® ’113 (41)

for some orthonormal basis {4;} and set of eigenvalues {7;} which are “unique”. So this
gives us a physical picture of a symmetric tensor: three perpendicular axes with numbers
attached. We could visualize it by drawing each axis as a double-headed arrow of the
appropriate length:

(This doesn’t work so well if any of the eigenvalues are negative.)

Different possibilities

o {T1,T,,T3} all different

g
— unit vectors {4y, Us, U3} is unique (up to signs). In the case of the inertia tensor I
these are called “principal axes of inertia”; they are usually associated with symmetries
and often conveniently chosen as coordinate axes.

o It # Ty =1;
— 1y unique (up to a sign); Us and u3 can be any two perpendicular unit vectors in
the plane perpendicular to ;.

Tw="T, =13
? =T, 1. Then the tensor is isotropic (Symon calls it “constant”). Any vector is

an eigenvector, so any orthonormal basis diagonalizes T .

4.2 Inertia Tensor in Detail

For a discrete mass distribution (collection of point masses)

N

Aperg Ao o o

I = E my( 177 — 7, @ ) (4.2)
k=1

For a continuous mass distribution,

T = [[[oi)(Tr* —ren v (4.3)

10



To examine the components in a particular basis, consider that

2+ y? 4 22 0 0 rr TY TZ
1r? —rr! = 0 2+ y? + 22 0 — |y yy yz
0 0 2+ y? 4 22 2T o2y 2%
L Y Y (4.4)
Yo+ z -2y —xz
=| —xy 22422 -—yz
—xz —yz 2?4 y?
SO
L = [ o) (v + 2 d*V (4.5a)
Ly =l = = [[[ o) 2y &V (4.5b)
etc.

4.3 Example: Ellipsoid of Constant Density

As an example of how to calculate the components (4.5) explicitly, consider an ellipsoid &£
defined by the equation
2 2 2
x Y z
o + =+ = <1 (4.6)
with constant density p. Now, Cartesian coordinates are not exactly suited to integrating
over an ellipsoid, nor are standard spherical coérdinates. But if we uses as our integration

variables {o, 9, ¢} defined by

xr = aosind cos ¢ (4.7a)
y = bosindsing (4.7b)
z = cocosv (4.7¢)
Then the equation defining the ellipsoid becomes just

o<1 (4.8)

and to cover the whole ellipsoid, we just need the limits of integration
0<o<1 (4.9a)
0<v<nm (4.9b)
0<p<2r (4.9¢)

The volume element is easy to see by analogy to spherical coordinates:
d*V = dx dydz = abco? sind do di dyp (4.10)

It’ll turn out that the components of the inertia tensor are more easily written in terms
of the ellipsoid’s mass than its density, so first we calculate the mass:

2m T 1 Arwab
M = pabc/ dgp/ sim?dv?/ o?do = W; Cp (4.11)
0 0 0

® a2 4
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It’s not hard to show that the off-diagonal components of the inertia tensor vanish in this

case, since
jff rydrdydz = ffj yzdrdydz = fff rzdrdydz =0 (4.12)
& £ c

This is because the region of integration is symmetric under inversion x — —x. This means
that the integral of any quantity odd in x over this region vanishes, which takes care of xy
and xz. Similarly, it’s also symmetric under y — —y, which means the integral of a function

odd in y, such as yz, over the region vanishes as well.
To get the diagonal components, we need [[[ 2* dx dy dz, [[[ y* dx dy dz, and |[[[ 2? dz dy d=.
3 3 £

The last is easiest to calculate explicitly in these coérdinates:

2m T 1 drab 1M
fff 2drdydz = abc3/ dgo/ cos? ﬁsinﬁdﬁ/ otdo = T; et = —€02 (4.13)
e 0 0 g Jo P
o I w2dp=3 3

The other two integrals can be calculated explicitly or by analogy, since everything in the
problem is the same if we permute * -y — 2z — x and, a - b — ¢ — a:

fgjj 2 drdydz = %%cf (4.14a)
fgf y? dx dy dz = %%bQ (4.14b)

We can now evaluate all the necessary integrals:

M
_ 2, .2 _ Mo o
L = LH Py + %) dedydz = = (1 + ) (4.15)
I, = jjf p(a? + 22 dedydz = M(a2 +c?) (4.15b)
vy J 5
I.= jff p(r? +y?) drvdydz = %(aQ + b?) (4.15¢)
. 5

so, using this and the vanishing of the diagonal elements as explained above,

Lz Loy I 20+ ) 0 0
Ly Iy, 1. | = 0 Y(a®+c?) 0 (4.16)
L, L, L. 0 0 Y(a® + %)

4.4 Notes on the Inertia Tensor

Inertia tensor

T = [[[(Tr - renpom dv (4.17)

12



Note, if a rigid body rotates in space, the distribution of mass will change, so its inertia tensor
will change, but in a rotating reference frame which moves with the body, the components
will stay the same. What’s happening is that the body axes are changing but the moments
of inertia about those axes are remaining the same. If the {€/} basis rotates with the body,

then
3

3

Aperd

I'=> Li;@d,=)» I QF (4.18)
=1 =1

SO I{j = 0;;1; in this special basis.

4.4.1 Inertia Tensor Relative to Different Origins

R
Also note that because [ is built from the position vector 7 it depends on the choice of
origin.

7 points to some position in the body; it’s integrated over.
In particular, we can compare [» measured relative to some origin O with Ig measured

relevant to the center of mass G. The position vectors relative to the two origins are related
by

ro=1g — R (4.19)
where R is the center of mass position vector (relative to Q). For compactness of notation,
we refer to 7o as 7 and 7g as 7’ so

7' =7F—R (4.20)
The relationship between the two inertia tensors is simplified somewhat by the fact that
I 7o) Y
_ 7 p(T
R=~""——"—— 4.21
M (421)
we have
([f7p@rav = [[[ 7o d*V = R [[[ p(7) &V = ME ~ ME = (4.22)
|
M
Now,

(R+7) - (R+7") — (R+7) @ (R+7")]p(7) d°V
= [[[1#- BT - Ee R f‘)d3v+ﬂj (R-7)T = Ra | p(f) d*V
+ [ BT -7 e p@dv+ [[[[ )T =7 & o) d*V

(4.23)
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In the first term the constant vector R can be pulled out of the integral to give

[[[(F BT - Fo R dv = [(B-BT - ke i) [[[ podv @29
\—]\2_./

The cross terms both vanish thanks to (4.22)); for example

0
- YA <—>
[0 T = Ry a'v = & [[[[otry@V]T ~ R [[[[ eotrrav] <0
(4.25)
The last term is Just Ig , since integrating 7~ over the whole solid accomplishes the same think

as integrating 7 over the whole solid.
So in the end

|C>1

To =15+ M[R BT - Be R (4.26)

L.e., a body’s inertia tensor with respect to any origin is its inertia tensor with respect to its
center of mass, plus the inertia tensor with respect to the origin of a pointlike object of a
mass equal to the body’s total mass located at the body’s center of mass.

A Appendix: Correspondence to Class Lectures

Date Sections | Pages | Topics

2004 March 30 | |1H2.3 2H5 Tensors: Derivation

2004 April 1 2.3.1H2.4! | [5H6 Tensors: More properties
2004 April 20 |3 69 Tensors: Still more properties
2004 April 22 | [4.114.3 10H12[ | The Inertia Tensor

2004 April 27 | [4.4H4.4.1][ [12H14] | Notes on the Inertia Tensor
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