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Tuesday, February 21, 2006
1 Vector Analysis

1.1 Definitions

There are numerous definitions of a vector, including
e An arrow in space
e Something defined by its magnitude and direction
e An ordered list of numbers
e A directional derivative

We'll start from the physical /geometrical definition in terms of magnitude and direction.

1.1.1 Notation

When talking about a vector, we will write it with an arrow, like so: A. Symon uses boldface,
like so: A, To avoid confusion, it’s very important never to accidentally drop the vector
symbol from a vector, since the same letter without a vector symbol may mean something
entirely different.

Note that vectors give us additional grammatical rules. Just as you can’t add a length to
a force, or compare a mass to a time, it’s completely meanlngless to try to say that a vector
is equal to sornethlng that’s not a vector. So it’s okay to say A=Bora= b, but something
like “A = a” just makes no sense.

1.2 Basic Vector Arithmetic
1.2.1 Equality

We think of a vector as being defined solely by its magnitude and direction, so if you've got
two different vectors on a diagram in different places, you're free to “slide” them around
without changing their directions to compare them. So in the diagram below A = B:

]
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1.2.2 Magnitude

The magnitude or “length” of a vector is a positive number, and is not a vector. We write

it with an absolute value sign, like so: ’/_f‘ Note that the magnitude of a vector will not in

general have units of length. The force ]3, momentum p, and acceleration @ are all vectors.

1.2.3 Multiplication by a Scalar

The simplest thing you can do to a vector is multiply it by a number, which is also called a
scalar. (There are more precise definitions of a scalar, specifically that it should be something
which doesn’t depend on the choice of coérdinate system, but for the time being it’s fine to
think of it as a number.)

It’s convenient to consider one special case first, namely multiplication by —1. In this
case, we define the result to be a new vector with the same magnitude, pointing in the
opposite direction:

A A

Note that .
—A A (1.1)

Now, we can consider multiplication by a general scalar, which is defined as follows: cA
is a vector whose magnitude is

‘ —

C/T‘ = |c|

A (1.2)

(note that we need the absolute value sign, to make sure the magnitude of cAis not negative)
and which points in the same direction as A if ¢ > 0 and in the opposite direction if ¢ < 0.
Here are some examples:

S

Multiplication of a scalar by a vector behaves in exactly the way you imagine it would;
in particular it obeys the associative property:

—, —

b(cA) = (be)A (1.3)



1.2.4 Addition of Vectors

The geometrical definition of the sum of two vectors follows from the idea of a vector as an
arrow. To get the effect of A plus B you just line the arrows up, putting the tail of B at
the head of A and their sum A + B goes from the tail of A to the head of B:

B B

SN
N}

A+ B

There are two reasonable ways to define subtraction of one vector from another. One is
as multiplication by —1 followed by addition:

—

A—B=A+(-B) (1.4)

_B B

)

A+ (=B)

Altern%tively, we can note that A — B is the vector to which you would add B and be
left with A:
(A-B)+B=A (1.5)

Both definitions are of course equivalent, and give the same result for A-B.

Note that with vector addition, as with ordinary addition, the quantities being added
must have the same units. It makes no sense to write F + p if F is a force and pis a
momentum.

Vector addition, together with multiplication by a scalar, obeys all of the properties you’d
expect. These are collected in equations (3.5—3.8) of Symon.

Note that it makes no sense to try to add a vector to a scalar, just as it makes no sense
to say that a vector equals a scalar. An expression like A+ais meaningless.



1.2.5 The Zero Vector

Geometrically, if a vector has zero magnitude, its direction is undefined. (What direction
does an arrow of zero length point in?) This means that there is only one vector with zero
magnitude, which we call the zero vector 0. When a vector quantity vanishes, it is equal to
this vector, e.g.,

—

A—A=0 (1.6)

See also the footnote on Symon, page 79.

1.3 Bases and Components

These geometrical definitions are all well and good, but they can only go so far. Eventually
we want to be able to do vector calculations algebraically, without having to draw a picture
every time. To do this, we start with a Cartesian (z,y, z) coordinate system, and define unit
vectors Z, y and Z parallel to the three coordinate axes. We write a hat over them, rather
than an arrow, to emphasize that they’re unit vectors, i.e., of magnitude one:

[ = [gl = |2] =1 (1.7)

Note that this means that the unit vectors z, ¢, and Zz, like all unit vectors, are dimensionless,
and in particular that they do not have units of length like the coérdinates x, y, and z.
Given these unit vectors, one can project any vector A onto the three coordinate axes,
defining the projections as A,, A,, and A,. These are all numbers (not vectors) with units
equal to those of the original vector A. Geometrically, the law of vector addition makes it

relatively easy to see that .
A=A+ A0+ A2 (1.8)

We illustrate this in two dimensions:

Y A d
g
[

1.4 The Scalar (Dot, Inner) Product

We’ve defined how to add vectors and how to multiply a vector by a scalar. There turn out
to be several different sensible ways to define the product of one vector with another, which
have names corresponding to the object which results from the multiplication.

The simplest of these is the scalar product, also known as the dot product. Geometrically,

it’s the magnitude of one vector (e.g., A ‘) times the component of the second parallel to

the ﬁl"St B”:




oL

Using the right triangle whose hypoteneuse is the length of B , whose opening angle is #, and
whose adjacent side has length By, we see

B
cos = —J (1.9)
B
ie.,
B = ‘E) cos 6 (1.10)
So the dot product is
A-B = ’ff‘ B = ‘ff’ ’§’ cos 6 (1.11)

Note that
1. If the angle between the two vectors is more than /2 (i.e., 90°), the cosine, and thus
the dot product, is negative.
2. The dot product is symmetric, i.e.,
A-B=B-A (1.12)
You might worry that interchanging the role of A and B changes the sign of 6, but
cosine is an even function
cos(—0) = cosf (1.13)
so the sign of the dot product doesn’t change.
B

3.IfA| B, then0=0and A-B = |A

4. 1AL B, thenf=7/2and A-B=0
The dot product obeys some sensible identities such as commutation with scalar multipli-
cation and distribution over vector addition, which appear as Symon’s equations (3.16) and
(3.17).

It’s a simple matter of geometry (exercise!) to work out the dot products of the basis
vectors:

ioi=1  §-9=0 3-2=0
g-2=0 g-9g=1 §-2=0 (1.14)
2.5=0 2.9=0 2-2=1

from which you can then show
A-B = (Ai+ Ayjj+ A.2) - (Bod + Byj + B.2) = A,B, + A,B, + A,B, (1.15)

Which is sometimes treated as the algebraic definition of the dot product.
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1.5 The Vector (Cross) Product

The scalar (dot) product is naturally defined in any number of dimensions. In three dimen-
sions, it’s also possible to define a vector product of two vectors, also known as the cross
product. As a vector, it has a magnitude and a direction. Its magnitude is defined as the
area of a parallelogram with the vectors A and B for sides:

A

OAx B .
B
1B, |

]l

Q@B x A

A

Recalling that the area of a parallelogram is the length of the base (here ‘ff ) times the

height (here |B,|, the component of A perpendicular to é), and noting by trigonometry

that
1B |

—

B

(1.16)

sinf =

we get the magnitude

‘Axé( - ‘ff‘u}m - ],I‘ ‘é sin (1.17)

The direction of this vector is perpendicular to the plane defined by the two vectors, which
is why the definition only works in three dimensions. We still have to specify whether it’s
“up” or “down” from that plane, i.e., “out of” or “into” the page in the diagram above. This
is done with the right-hand rule, which says that if you point your right hand parallel to
the first vector and then curl your fingers in the direction of the second vector, your thumb
will poing in the direction of the third, which in the diagram above is out of the page. Note
that this means that if we switch the order of the vectors in a cross product, we reverse the

direction of the result: L oL
BxA=-AxB (1.18)

We therefore say that the cross product is antisymmetric. Note also that

1. If A|| B, then # = 0 and ‘ffx g’:O, which means A x B = (.

B

2. If A L B, then = 7/2 and ‘A)XB?

- |4]

To get the cross product in component form, we first work out the cross products of the
basis vectors (exercise!):

=
I
(=1}
=>

T X Xy=2z TXZ=—y
yXaT=—2 yxy=20 YXZ=1= (1.19)
IXT =17 ZXYy=—2 Zxz2=0



and then we can find (exercise!)
Ax B = (Ayi+ Ayj+ A.2) x (Byit + Byjj + B.2)

) ) T U 2 (120
=(A,B, - A.B))x+ (A.B, — A,B.)y+ (A,B, — A,B,)2 = |A, A, A,

Y

B, B, B.

where in the last step we have used the notation for the determinant of a matrix to write
the answer compactly.

Two other useful identities (which we’ll state here, but which can be proven) concern
“triple” products:

A A A
A (BxC)=(AxB)-C=|B, B, B. (1.21)

c. C, C.
Ax(BxC)=(A-C)B—(A-B)C #(Ax B)xC (1.22)
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1.6 The Position Vector

If we have a Cartesian (x,y, z) coordinate system, we can define a vector of particular intrest.
For any point in space we can draw a vector from the origin of coordinates to that point;
it’s not to hard to see that the z-component of the vector will be the x-coordinate, the y-
component of the vector will be the y-coordinate etc. We call this vector the position vector
for that point:

r=xt+yy+ 22 (1.23)

We can illustrate this in two dimensions:

Yy axis

Y xz ~ )
-+ x axis

| j: |
I T I

Each point has its own position vector. Note also that the position vector depends on the
location of the origin of our codérdinate system.

We can describe the trajectory of a particle by specifying its location (i.e., its Cartesian
coordinates or equivalently its position vector) at each moment in time:

F(t) = x(t) &+ y(t) § + 2(t) 2 (1.24)

We can illustrate this in two dimensions:

10



In fact, you can describe any curve through space as a position vector which is a function of
some parameter s:
(s) =z(s) T+ y(s)y+ 2(s) 2 (1.25)

s

For example, a circle of radius R in the zy-plane centered at the origin is defined by
? +y* = R? (1.26)

A path which goes counter-clockwise around that circle starting at (z,y) = (R,0) can be
parametrized as

r = Rcoss (1.27a)
y = Rsins (1.27b)

11



s =m/2

® |
Il yll

N O

s =3m/2
1.7 Differentiation and Integration

1.7.1 Differentiation

If A(s) is a function of some parameter s, we can define a derivative in the usual way, as the
limit of the ratio of infinitesimal changes:

dA A(s+As)—A(s)  dA,  dA, . dA,
oA As = s T as Vst (1.28)

This is because subtracting one vector from another is well defined, as is dividing a vector
by a scalar.
As an example, consider the derivative of the position vector 7(t) with respect to time:
dr  dx dy dz
—=—a+—y+—2=7 1.29
AT TR T (1.29)
This is just the velocity vector.
This operation of differentiation obeys the usual sum, product and chain rules (see
Symon’s (3.54-3.57)), for example

d - =~ dA - . dB
@ -2 = 1.
ds<AXB) 7 x B+ A x 7 (1.30)

Note that because the “product” in this product rule is a cross product, we have to be careful
to preserve the order of the vectors A and B in the last term of the answer!

1.7.2 Integration

Now things get a little more interesting. One quantity we can define is the integral along
some path in space of a vector field.

12



A vector field (also known as a vector point function) is a function which defines a
(possibly different) vector A(7) for every point in space (represented by its position vector
T).

We can consider a curve C defined by 7(s) as s goes from s; to sy, and define the line

integral
f A dr (1.31)
C

What does this mean? First we have to ask what is the differential dr. Well, given the
function 7(s) we can use the chain rule to write

dr
dr=—d 1.32
= —-ds (1.32)

> SO dr
A-dr = A- d 1.
j{ 2 /SZ ( ds) s (1.33)

Note that this depends in general on the curve C and not just on the endpoints 7(s;) and

7(s¢), which is why we don’t use some notation like f (...) - dF. However, it turns out not
to depend on the parametrization of the path, which can be shown by changing variables in
the integral and using the chain rule.

and then write

2 Vectors in Mechanics and Kinematics

2.1 Force and Newton’s Second Law

We’ve now defined enough vector quantities to start applying them to physics. For example,
Newton’s second law reads in one dimension

d*>x  dp
Flet = =m— = — 2.1
O T (2.1)
The three-dimensional version is
- v dp
Fret = =m—-— = — 2.2
v ma = mos = (2:2)

Where now the force, acceleration and momentum are all vectors. To convert the equation,
we've just put vector signs on everything, except that the trajectory is now 7(t) rather than
x(t). The velocity is

Lodr

U= (2.3)
the derivative of a vector, and the other definitions of kinematics carry over as @ = ‘é—f and
p=mu.

Can it really be as easy as all that, though? More or less, yes. Recall that in chapter one

we had a version of Newton’s 2nd law written out component by component:

F, =mi (2.4a)
F, =mj (2.4Db)
F, = m3 (2.4c)

13



This is equivalent to the single vector equation (2.2)), writen as
Foi+Fj+F.2=F=mr=m(ii+§g+52) (2.5)

because two vectors are equal if and only if all their components are equal.

2.2 Work and Energy

Note that not every physical quantity becomes a vector when we go to three dimensions.
For example, the one-dimensional kinetic energy

1
T = -mv? (2.6)
2
becomes ]

which is a scalar.
Similarly, our definition of the line integral of a vector allows us to convert the one-
dimensional definition of work v
1

into a line integral
c

which is also a scalar.
We’ll return to the work-energy theorem, but first we want to consider another compli-
cation, the use of non-Cartesian coordinate systems and basis vectors.

14
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3 Non-Cartesian Coordinate Systems

Sometimes it’s useful to locate points in a plane by coordinates other than {z,y, z} and also
useful to resolve vectors along a basis other than {z,y, 2}.

3.1 Plane Polar Coordinates

To go into detail for the simplest example, consider the case of plane polar coordinates {r, ¢}
in two dimensions, which are related to the standard Cartesian coordinates by

T =1Ccosp (3.1a)
y =rsing¢ (3.1b)

which can be inverted to give

r=+/x%+y? (3.3a)

tan ¢ = % (3.3b)

In Cartesian coordinates, we define the basis vector & to point parallel to the x axis, i.e., in
the direction of increasing z at constant y (and z, in three dimensions). The basis vector
¢ points in the direction of increasing y (and z, in three dimensions). (See figure If we
use the “direction of increasing coordinate” definition rather than the “parallel to the axis”
definition, we can actually apply it evverywhere and still get the same & and ¢. In polar
coordinates, there’s no “r axis” or “¢ axis”, but we can, at any point, define a unit vector
7 which points in the direction of increasing r at constant ¢, and é which points in the
direction of increasing ¢ at constant r. But these vectors will point in different directions in
different places, so each of them is actually a wvector field.

We can relate the polar coordinate basis vectors associated with a point to the Cartesian
basis vectors by considering the position vector 7 for that point. This is a vector which points
from the origin to the point in question, so by definition it points along a line of constant ¢,
in the radial direction (increasing r). Its length is the distance to the origin, which is just

the polar coordinate r. So
r=rf (3.4)

'We can’t quite define ¢ as tan=!(y/z) because the arctangent is defined to lie between —7/2 and 7/2,
which would only represent the first and fourth quadrants of the zy-plane, i.e., x > 0. The most concise way
to define ¢ is to use the “atan2” function from various computer languages, which can be defined (somewhat
pedantically) by

tan~!(y/x) — 7 z<0andy <0

—m/2 r=0andy <0
atan2(y,x) = < tan~!(y/x) x>0 (3.2)
/2 z=0andy >0

tan~!(y/x) +7 z<0andy >0

in which case ¢ = atan2(y,z) mod 2.

15



Yy axis
A

Figure 1: Constant-coordinate lines and basis vectors in Cartesian and polar coordinates.

(Note that there is no component in the ¢ direction.) But we also know that

r=x2+yy (3.5)
which means we can solve for
= Zcoso+ ysin ¢ (3.6)

where we have substituted the coordinate transformations (3.1).
To find the basis vector ¢ we need to do a bit of geometry:

Y a>::is

U

N

ull

Y
The marked angles are all ¢, so g5 has an x component of — sin ¢ and a y component of cos ¢.
The components are thus

,f,

T cosp+ 1 sing (3.7a)
gzg:—i sin ¢ + 1 cos ¢ (3.7b)

16



Using the forms of the basis vectors in (3.7)) one can check (exercise!) that the dot products
of the basis vectors are

T

=0
1

>

Por=1 5.9
0 ¢ '

¢-T
The vectors 7 and ¢ this form an orthonormal basis. “Ortho-” means the vectors are orthog-
onal or perpendicular and “normal” means they’re normalized, i.e., unit vectors.

I
> S
I

)

3.1.1 Derivatives of Basis Vectors

Since the basis vectors 7 and gzg vary from point to point, it’s useful to calculate their partial
derivatives with respect to the corresponding coordinates. We can do this by differentiating
the expressions (3.7) and noting that & and g are constant to get

8f> -
=) =0 (3.9a)
(87‘ $
0 .
(%) - o
¢
or .
(8_;>7» = —Ising+ygcosp = ¢ (3.9¢)
(%) = —ZTcos¢—ysing = —7 (3.9d)
We can also see the same thing geometrically if we consider the unit vectors at some point
(r,¢) and a nearby point (r + dr, ¢ + do). b+dd P+ d
o 8
7
dg
¢

Resolving the basis vectors that are rotated by the infinitesimal angle d¢ into components
along the unrotated basis vectors gives us

P+ df = 7 cos(dp) + psin(dp) = 7 + ¢ dp (3.10a)
¢+ dd = dcos(de) — Fsin(de) = ¢ — 7 do (3.10b)

where we have used the small angle approximation to simplify the trig functions of the
infinitesimal angle d¢. From this we can read off

di = ¢ do (3.11a)
do = —7 dg (3.11D)

17



which is another way of summarizing the partial derivatives . (See also Symon’s
Fig. 3.21.)
An important consequence of these derivatives is the differential of the position vector
itself:
di = d(r7) = dr i +rdi = dri +r(pdg) = dri + (rde) ¢ (3.12)

We can also see this geometrically by drawing the vectors 7 and 7+ dr’ and noting the
components of dr.

¢
g 7
éxéj
do
,F‘
¢

3.1.2 Consequences for Kinematics

The derivatives of the polar coordinate basis vectors allow us to write the velocity and
acceleration in both Cartesian and polar coordinates:

dr d R
Vl=—=—(xz+yy)= & T+ y ¥
dt dt
Y, (3.13)
a(r'r) 7’7‘—1—7”% T or+ rd O
Uy Vg

where we have used the chain rule to describe the change in the unit vector 7 as the particle

moves from its position at time ¢ to its position at time t + dt:
dr  Ordr Ord -
_:__+__¢:¢¢ (3.14)
dt  Ordt O¢dt

We could also obtain the same expression by dividing (3.13)) by the inifitesimal time dt it

takes to move from 7 to 7+ dr.

Similarly, the acceleration can be written

ﬁ iY %
6:%:%(.Hr¢$):ff+f[g{f+ g_; } +(f¢+r¢5)$+r¢5{géf+ g_z }

= (i — 1)) F + (rd + 27 )b

18



As an example, consider the case of uniform circular motion at radius R and angular fre-
quency w. In that case

r=R (3.16&)
¢ = ¢o +wt (3.16b)
F=0 (3.16¢)
¢ = w = constant (3.16d)
and thus
=Rwo (3.17a)
@ = —Ruw*7 (3.17b)

3.2 Cylindrical Coordinates

We can take all our results for plane polar coordinates and use them as the basis for cylindrical
coordinates in three dimensions. The coordinates are:

e ¢, the distance of the point from the z axisﬂ note that like r in two or three dimensions,
q is definied to be non-negative, 0 < ¢ < oo.

e ¢, an angle measured around the z axis; to cover the whole space, we have to let ¢
take on any value in a 27 range, e.g., 0 < ¢ < 2.

e 2z the height above the xy-plane, which can take any value —oco < z < .

They are related to three-dimensional Cartesian coordinates by

T = qcos ¢ (3.18a)
Yy = gsin¢ (3.18Db)
z2=1z (3.18c¢)

and

q=a*+y (3.19a)
¢ = atan2(y,z) mod 27 (3.19Db)
z2=12z (3.19¢)

We already know from our previous calculations (now applied in a plane of constant z) that

= T cos¢+ysing (3.20a)
¢ =—2sing 44 cos ¢ (3.20b)
Py (3.20c)

2We can’t call this r because that is used in spherical coérdinates for the distance from the origin
r = |F] = /22 +y?>+ 22, Symon calls the cylindrical coordinate p, but we will need that letter later
on for the density. Note that Griffiths, in Introduction to Electrodynamics, uses s for this coordinate.

19



=

By looking at the plane containing the position vector 7" and the 2z axis we can see that
r=qq+z% (3.21)
and things pretty much proceed as before. In particular,

AP =dqG+ (qdo) d + = 2 (3.22)

20
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3.3 Spherical Coordinates

Spherical coordinates in three dimensions, like polar coordinates in two dimensions, are based
around the distance from the origin

r=|rl=+vz?+y*+ 22 (3.23)

and the radial unit vector .
f:C:£A+y@+E§ (3.24)
roor r r
The other two cordinates are 6 (the angle between the position vector 7 and the z axis) and
¢ (the same azimuthal angle used in cylindrical co6rdinates). The mathematical definitions
of these angles and the corresponding basis vectors are most easily obtained by comparing

spherical and cylindrical coordinates, looking at one plane at a time.

=l

First, looking at the plane containing 7 and Z we can work out

q=rsinf (3.25a)
z =rcosf (3.25b)
and
7 =q sinf + Z cosf (3.26a)
0 =g cosf— 2 sinf (3.26b)

Looking in the zy-plane gives us the same relations (3.20aH3.20b|) and (3.18aH3.18b); when
we combine them with (3.25)) and (3.26)) , we can relate the spherical and Cartesian systems
as follows:

x = rsinf cos ¢ (3.27a)
y = rsinfsin ¢ (3.27Db)
z =rcosf (3.27¢)
and
7= Zsinfcos¢o+ysinfsing+ Z cosd (3.28a)
6= 7 cosbcos+{ cosfsing — 2 sinf (3.28b)
¢=—7sing + 1 cos ¢ (3.28¢)
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You can (and will on the homework) use these forms to verify that {#,0,$} form an or-
thonormal basis (7 -7 =1, -0 = 0, etc) and to work out the derivatives

o - ar 4 or - .

5_0 %_0 a—¢_¢8m9

o - 90 00 .

EZO 5= a—¢—¢cose (3.29)
aq@_—» aqg_—’ aqg_ ~ . A

E_O %_0 90 7sinf — 0 cos 6

Note that Symon, in his equation (3.99), is inconsistent in his use of the “zero vector”
notation.
We can summarize the geometrical results in three dimensions as

r=xt+4+yy+z2=qq+zz=rr (3.30)

and

dF = 2dz + §dy + 2dz = Gdq + & (qdd) +2dz = Fdr + 0rdf + ¢rsind do (3.31)
—— A ~~ d

q(dq) 7 (dr)

4 Conservation Theorems in Two or More Dimensions

We continue our look at the analogies between one- and three-dimensional mechanics by
looking at some of the conservation theorems.

4.1 Force and Momentum

In one dimension, we saw that we can integrate

dp
F=— 4.1
0 (4.1)

to get
to
/ Ft)dt = p(ts) — p(ty) (4.2)
t1
and the same thing carries over perfectly well into two or more dimensions; we can integrate

- dp
F=— 4.3

to get

/t " Bty dt = pty) — pt) (4.4)

since the acts of differentiating and integrating the vectors F and p with respect to the scalar
t are well-defined.
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4.2 Work and Kinetic Energy

Recall that in one dimension, we defined the kinetic energy as

1

T = §m02 ; (4.5)

this was useful because T p p

v x
i —_—Fy=F= 4.6
at  ar U @ (4.6)
where we used Newton’s second law to replace ma with F'. We could then integrate this to
see

to dr z(t2)

T(tg) — T(tl) = / F—dt = / Fdx = W1_>2 (47)
t1 dt I(tl)

i.e., the increase in kinetic energy is just the work done on the particle.

When generalizing the kinetic energy to two or more dimensions, we have to note that
it involves the product of the velocity with itself. We know two ways to multiply vectors by
vectors, and since ¥ x ¥ = 0 is not very interesting, we opt for the dot product and define

1 1
TzﬁmﬂﬁzémWF (4.8)

This means the kinetic energy is still one-half the mass times the speed squared. Note that
while force, position, velocity, momentum and acceleration all become vectors in more than
one dimension, work and energy remain scalars.

The time derivative of the kinetic energy is

%Z%m(%-ﬁ—kﬁ-%):m%-ﬁzﬁ-ﬁ (4.9)
which makes the increase in kinetic energy between two times ¢; and %,
2, _
ﬂ@—ﬂMz/}W%:Ammmﬂwewpg (4.10)

t along 7(t)

where the contour integral is just what we need to define the work done on the particle as it
moves along its trajectory 7(t) from time t; to time ts.
4.2.1 Complications Arising from Potential Energy

In one dimension, we were able to use an indefinite integral to define the potential energy

V(z)=— /Fda: (4.11)

up to an overall additive constant. This was equivalent to the force being given by

av

F=—-——
dx

(4.12)
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and meant that the negative of the work done on a particle was just the increase in its
potential energy as it moved from position z; to position zs:

Vi) — Vi(z1) = — / " Pla) da (4.13)

1

where the arbitrary constant in the definition of V() cancels out.
When we try to generalize this to three dimensions, we run into trouble. Now the work
is defined by a contour integral, and we can’t just define V(') as something like

“ —/ﬁ-df” (4.14)

because there’s no such thing as an “indefinite contour integral”. The contour integral
depends not only on the endpoints, but the path through space taken from one to the other.
The implicit definition in terms of a derivative would be

av
dr
which is likewise in terms of something which we never defined (a derivative with respect to

a vector). We could try to fall back to the change in potential energy being related to the
work done:

“«F = (4.15)

—

V(i) — V(i) = —f P (4.16)

but in general, thus will not be well-defined, since the right-hand side will depend not only
on the positions 7 and 75, but also on the path taken between them.

4.3 Conservative Forces

For some force fields, however, the right-hand side of will be the same regardless of
the path taken. We’ll assume this is true and see what that tells us about the force field
F(7) and how it can be derived from V(7).

First, we consider the special case where the endpoints 7, and 75 differ only in their x
coordinate:

Y1 =Y2 = Yo (4.17a)
Z1 = 292 = Xp (417b)
so that
Fl = $1i’ -+ y():l) + 202' (418&)
(4.18¢)

We're assuming the work done by the force field when moving between these two points is
independent of the path, so let’s choose the simplest one, on which only the = coordinate is
changing, and parametrize it by that x coordinate:

7(s) = sT + yoU + 202 S:xy— Ty (4.19)

24



This then means
— =z (4.20)

and
F.-—=F.i=F, (4.21)

The difference (4.16) in the potential energies then becomes

V(ry) = V(r) = —/ F.(7(s)) ds = V (2, Y0, 20) — V(x1, %0, 20) = —/ F.(x, 90, 20) dx

x x
1 1 (4.22)
Now we know that in one dimension is equivalent to ; this is the same construc-
tion, with yy and zg going along for the ride, so we get the same result, with the derivative
with respect to x now a partial derivative at constant y and z:

2 ov

W) = = (4.23a)

But there is nothing special about the x direction; we could make the same argument holding
x and z constant and varying y, or holding = and y constant and varying z, which means

ov
ov
E(7F) = -2~ 423
7 =-2 (4.230)
so if the force field F (7) is associated with the potential V(7) according to (4.16]), we can
write it as oV oy oV
F=— (220 420 4527 4.24
($8x+y8y+zaz) (424)

Not every force field can be written in the form (4.24); for example, the force field
F = A(zj) — y) (4.25)

(where A is a constant) cannot. The easiest way to see this is to recall that you get the same
result no matter in which order you take a mixed partial derivative:

0*V 0*V

= 4.2
Oxrdy  Oyox (4.26)
but if F is defined by (£.24), that means
2 2
Ok OV __0V 0k (4.27)
ox ox y Jy Ox dy
On the other hand, the force (4.25)) has
0F, 0(Ax)
— = =A 4.2
Ox Ox (4.282)
OF, 0(—Ay) OF,
— — A4 Y 4.28b
dy oy 7 ox (4.28b)
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Similar conditions can be worked out for the other mixed partial derivatives of V(x,y, z),
resulting in the conditions

OF, OF,
OF, OF,
= — 4.29b
dy 0z ( )
OF, OF.
== 4.2
0z Ox (429¢)

in order for F' (7) to be associated with a potential. We’ve shown that they are necessary [no
force field can be associated with a potential unless it satisfies (4.29)]; it turns out that they
are also sufficient [and force field which satisfies (4.29) can be associated with a potential by
(4.24))].
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5 Fundamentals of Vector Calculus

5.1 The Gradient

The expression (£.24) for generating a vector field F(7) given a scalar field V/(7) allows us
to give a well defined meaning to the “differentiation by a vector” we were trying to define
in (4.15)). It is a useful enough operation that it has its own name, the gradient

- oV oV oV

The symbol v (pronounced “del”) can be thought of as a vector differential operator

- 0 .0 0

We could also express this operator in terms of non-Cartesian basis vectors in a brute
force manner as follows:

1. Invert the relationship

7? sinfcos¢ sinfsing cos6 x
0| = |cosfcos¢p cosfsing —sind 7 (5.3)
q@ —sin ¢ cos ¢ 0 z

to get , ¢, and Z in terms of the spherical coordinate basis vectors.

2. Calculate the partial derivatives of the spherical coordinates with respect to the Carte-
sian ones and construct

0 _ord 000 090

9c " oror 9208 9000 (5-4a)
0 or 0 00 0 0¢ 0
9 o9 900 90 (5.40)

b= 0:0r 09200 ' 0200
3. Substitute, simplify, and rearrange.

Fortunately, there’s a much easier, clever way to do things.
Consider the the infinitesimal change in the value of the scalar field V(7) induced by an
infinitesimal change
dr=2dv +gdy + 2dz (5.5)
position vector 7. We know from the chain rule of multi-variable calculus that

ov oV oV -
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But we also know that in spherical coordinates,
di =#dr +0rdf+ ¢rcosd do (5.7)
which means
AV = (VV) - (di) = (7 - VV)dr + (0 - VV)rdf + (¢ - VV)rsin 6 do (5.8)
On the other hand, the chain rule tells us
av = %—‘;dr + aa—‘e/dQ + g—‘;dqb (5.9)

Since the spherical codrdinate basis is orthonormal, this gives us the form of the gradient in

spherical coordinates as
ov. 10V . 1 09V

or r 00 +¢rsin0%

(5.10)

5.2 Divergence, Curl, and All That

Thinking of V as a vector operator, we can also define how it acts on vector fields by analogy
with the dot and cross products:

0A, 0A, 0A,

V- A= A1
v ox + dy * 0z (5.11)
and
Ty Z
Vx A= & 5| =04 — 0.4)%+ (0.4, — 0,A)) + (0.4, — 0,A,)2  (5.12)
A, A, A,
where we have defined the phenomenally useful notation
0
y = — 1
0 B (5.13)

There’s a whole rich subject of vector calculus, and the relationship between derivatives and
integrals, for which I refer you to section 3.6 of Symon, your Calc III text, and
ltrom Fall 2002

The one thing that’s of interest to us right now is the observation that the conditions
(4.29) for a force field F(7) to be conservative are just equivalent to

VxF=0 (5.14)

This is associated with the vector calculus identity
VxVV=0 (5.15)

which is usually stated as a consequence of the fact that a vector crossed with itself is zero
A x A, but note that we have to be a little careful because the vector in question here is an
operator V. For instance, if the operator were rV, the result would be

rV x (rVV) =r(Vr) x (VV) £ 0 (5.16)
The real reason for this identity is once again the fact that partial derivatives “commute”,

e.g., ({4.26).
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5.3 Practical Calculation of Potential Energy

We end our consideration of conservative forces with an illustration of a technique to de-
termine the potential from which a conservative force field was generated. One method,
by integrating from the origin along a conveniently chosen path to an arbitrary point, is
illustrated in Section 3.12 of Symon. We illustrate here an alternative method, using the
same force.

The force field in the example is

F=ay(y? —32%) & + 3ax(y® — 2%) § — 6azyz 2 (5.17)

which means the potential energy V(x,y, z) has the derivatives

o ay(3z* —y°) (5.18a)
T 3ax(z" — y°) (5.18Db)
ov

e baxyz (5.18c¢)

If we knew the derivative of a one-dimensional function, we could take the indefinite integral
and obtain the function up to an additive integration constant. We do basically the same
thing here, integrating with respect to one variable at a time and holding the other ones
constant.

First, we treat y and z as constants and integrate the x derivative:

oV (x,y,z

Vira) = [ W2y, [ a2 =iy do = ary(32 - )+ Awz) (5.9
x

When we do the indefinite integral we get an arbitrary integration constant, but since y and

z are constants for the purposes of the partial derivative, the integration constant can in

principle depend on y and z.

We can use ([5.18b)) to determine a condition the A(y, z) introduced in (5.19)):

oV 0A
2 2 2 2
i _ i 2
Bax(z Y ) " 3axz 3xy” + " (5 0)
we solve this to find
=0 (5 21)
dy '

Now, ordinarily we’d integrate this, and get an integration “constant” which depends only on
z, but here life is easier because the partial derivative vanishes, so there is no y dependence
in A(y, 2):

Ay, z) = B(z) (5.22)

and thus
V(z,y,2) = ary(3z* — y*) + B(z) (5.23)
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Now we do the same thing as before, applying (5.18c) to (5.23)) to find

oV dB
Gaxyz 5 baryz + 7 (5.24)
o dB
—_— '2
- 0 (5.25)

Again, we’d normally have to do an integral here, but this time, it’s just telling us that B(z)
is a constant

B(z)=C (5.26)

ie.,

V(w,y,2) = awy(3s — y?) + C (5.27)

Note that in this case, the constant is just the value of the potential at the origin:
V(0,0,0) =C (5.28)

so that
V(z,y,2) =V(0,0,0) + aa:y(322 - yz) (5.29)

Typically in a physical problem, one chooses the constant in a potential so that the potential
is zero at some convenient point, usually the origin or “infinity”.

The same principle applies in non-Cartesian coordinates, except that you have to be
careful about the definition of the gradient. So for example, in spherical coordinates,

L o 19 1 9

SO
ov
— =—F.(r,0 31
o (1,0, 0) (5.31a)
ov
% - _TFG(Tv 97 ¢) <531b)
ov .
9% —rsin@Fy(r, 6, ¢) (5.31c)

and we can then use the same multi-variable calculus technique to find V (7,6, ¢) up to an
additive constant, given its partial derivatives.

A good thing to keep in mind is that vector calculus treats Cartesian and non-Cartesian
coordinate systems differently, but multi-variable calculus does not.

5.4 Application of Potential Energy

If we are dealing with a conservative force field, one which is associated with a potential
energy:

—

F=-VV (5.32)
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then conservation of energy holds just as in one dimension:

Ty Ty = Wy = / Fedi = [V(%) = V(%) (5.33)
1—2
and therefore
T+Vi=T4+V, (5.34)

At this point, we’ve more or less covered Symon sections 3.1-3.7 (except for the part
about torque in section 3.3), 3.9, and 3.12. Sections 3.10 and 3.11 illustrate some simple
and non-simple applications of the methods (the not-so-simple one also appearing on a
homework), and you should read about these on your own. We will now consider rotational
motion (Symon sections 3.3 and 3.8) which will prepare us for a major sub-topic, central
force motion, which is described in sections 3.13 through 3.16.
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6 Rotational Motion

In introductory mechanics, one usually learns about rotation around an axis or rotation in
a plane. In general, rotational motion can be described with vector quantities which deal
with rotations about all possible axes through a given origin. Our goal here is to bridge the
gap between these two descriptions.

6.1 Torque

There are a few different ways to define torque about an axis, but a convenient one for our
purposes is

(Torque about axis) = (Distance from axis)(Perpendicular component of force)  (6.1)

where “perpendicular” means “perpendicular to the direction from the point of application
to the closest point on the axis” and also “perpendicular to the axis”. We’'ll eventually
want a vector expression for this, but let’s start by looking at it in a convenient coordinate
system. The natural one to use is cylindrical coordinates with the z axis along the axis of
rotation. For a given point, the distance to the axis is the ¢ coordinate of that point. The
“perpendicular” direction at that point is the ¢ direction, so the perpendicular component
of the force is just F,. This means that if we call the torque about the z axis N, (using N
to stand for torque for reasons which completely escape me),

Notice that this also has the sign we’d like; if F}, > 0, we are applying positive torque around
the z axis as defined by the right-hand rule.
Now, if we think for a minute about the fact that ¢ and F; are components of vectors

F=Fg+Fyp+F.2 (6.3a)
r=qq+ 22 (6.3b)
we'll realize that the combination g Fy is just the z component of the cross product 7 x F:

2 (Fx F)=qF, (6.4)

—

[Ordinarily there would be another term because 2-(Ax B) = A,Bs— Ay B,, but the position
vector has no ¢ component: ¢ -7 = 0.]
So this means the torque about the z axis is

N, =2%-(Fx F) (6.5)
But now the only reference to the coérdinate system is the unit vector Z along the z axis

—

(and the origin implicit in the position vector 7). So in general we can say that the torque
N,, around some axis through the origin parallel to a constant unit vector n is

N, =n-(Fx F) (6.6)
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Of course, the notation is supposed to be suggestive, and we can encode the torque about
all possible axes through the origin if we define the vector

N=7FxF (6.7)

which is the torque.

6.2 Angular Momentum

The geometry of the definition of angular momentum is the same. The angular momentum
about an axis is the distance from that axis times the perpendicular component of the
momentum, so working once more in cylindrical coordinates

L, =qpe (6.8)
Now, since we know that the velocity in cylindrical coordinates is
V= 44+ qdo + 22 (6.9)
we can write _
Py = Muy = mqe (6.10)
to get the perhaps more familiar '
L, =mq¢*¢ (6.11)
By the same vector argument as we used for torque, we can see that
L,=2%2 - (Fxp) (6.12)
and define a vector angular momentum
L=7xp (6.13)

6.3 Relationship of Angular Momentum and Torque

We can use Newton’s second law to show that angular momentum and torque are related in
the same way as linear momentum and force.

dL  d dp
= 14
@ TP = Xp+ X (6.14)
Now, the first term is
d —
£Xp_ux( T)=mixv=0 (6.15)
while we can use Newton’s second law to make the replacement
dp =
— =F 6.16
and thus obtain -
dL — —

—

An important special case of this is when the torque vanishes, i.e., 77 x F = 0. Then the
vector angular momentum L is a constant of the motion.
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7 Central Force Motion

An important physical problem is that of a particle moving in an fixed force field, where
the magnitude of the force is depends only on the distance from a specified point, and the
direction of the force is always either towards or away from the that point. Mathematically,
if we define a spherical coordinate system with the origin at the point in question, this means

F(7) = F(r)? (7.1)

Note that F'(r) is the r-component of the force F and is not the magnitude. In particular,
it can be positive or negative.

The most obvious physical example is that of a planet orbiting a star. It’s a decent
approximation to assume that the star doesn’t move much, and therefore the planet is
moving in the fixed gravitational field of the star:

GMm .

F=_ 7 (7.2)

72

We'll see in chapter four that even if m &« M we can still describe the two-body problem
exactly in terms of an equivalent one-body problem with a particle orbiting a fixed center of
force.
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7.1 Conservation of Energy

It’s easy to show that (7.1)) is a conservative force. We could calculate the curl V x F, but
it’s actually more straightforward just to construct the potential explicitly. Since the force
is determined by one function of one variable, we can take its indefinite integral with respect
to r:

Vr)= —/F(r) dr (7.3)

—VV =—Zf=F(r)i=F (7.4)
This means that the total energy
1
E:T—I—V:§m17-17+V(r) (7.5)

is a constant of the motion.

7.2 Conservation of Angular Momentum

We can also show that the torque (about the origin) associated with this force is zero:

—

N=7FxF=(@#)x (F(r)f) =rF(r)(f x#) =0 (7.6)
This means that the vector angular momentum
L=7xmi (7.7)
is a constant. As a consequence (which we will show):
1. The motion is confined to a plane.

2. There is an additional non-vector constant of the motion

To see that the motion remains confined to a plane, align the coordinate axes so that
initially (at ¢ = 0), both the position and the velocity lie in the zy plane:

2(0)
v,(0)

- 7(0) = 0 (7.8a)
L7(0) =0 (7.8b)

I
N>

|
Q>

Now define a cylindrical coordinate system and calculate the components of the angular
momentum (at any time) in that system:

) @ ¢ z :
L=mrxd=m|q 0 z|=—mzvsq+ m(zv, — qu,)¢+ mquyz (7.9)
Vg Uy Uy
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We evaluate this at the initial time and see
L(0) = mq(0)vy(0)2 (7.10)

where we have used ([7.8a) to show that the other components of the angular momentum
vanish. But L(0) is a constant of the motion, which means

L(t) = L(0) = mq(0)vy(0)2 (7.11)

Because we're working in cylindrical coordinates, we need to be a little careful about just
setting the components of L(0) and L() equal to each other, because the basis vectors ¢ and
QAS depend on the position, which in turn depends on time. But fortunately the only basis
vector appearing in ([7.11)) is Z, which is a constant, and ¢ and é, while they will depend on
t, are always perpendicular to Z. This means we can say that I_;(t) has no ¢ or ¢ component,
and that its z component equals that of

—mz(t)ve(t) =0 (7.12a)
mz(t)vy(t) — mg(t)v,(t) =0 (7.12b)
ma(t)e(t) = ma(0)u,(0) (7.12¢)

Now, unless the initial angular momentum vanishes (which would be a special case, where
the particle was initially moving straight towards or away from the origin), the product quv,,
which is a constant, would remain non-zero, which means neither ¢ nor v, can be zero. This
means that tells us z(t) = 0 for all time, which in turn tells us, along with ,
that v,(t) = 0 for all time. In other words, if the motion starts out in the zy plane and the
angular momentum is a constant (which it is for a central force) the motion remains in the
xy plane forever.
We needed two of the components of the conserved angular momentum to tell us this;
the third tells us that
L, = mqu, = constant (7.13)

As a consequence of the fact that z = 0 in this coordinate system,

r= \/mzq (7.14)

and this is basically a two-dimensional problem described in plane polar codrdinates (r, ¢).

7.3 The Nature of the Differential Equations

In plane polar coordinates, thanks to the time derivatives

ar . -
i@ o (7.15a)
b

36



of the basis vectors, we know the position, velocity and acceleration are

r=r (7.16a)
= 7 + 1P (7.16b)
= (7 — rd?)F + (rd — 2d)d (7.16¢)

and so using Newton’s second law .
F=ma (7.17)

we could derive the equations of motion

m(i —r¢?) = F(r) (7.18a)
m(ré — 2¢) =0 (7.18b)

These are two second-order ODEs for the two functions r(¢) and ¢(t), so we could in principle
solve them subject to four initial conditions, e.g., specified values of 7(0), 7(0), ¢(0) and ¢(0).

However, conservation of energy and angular momentum allows us to cast the problem
more simply. A given trajectory has a given value of E' and L, which are related to r(t) and

o(t) by

1 1 1 :
E=Smi- v+ V(r) = §m7'“2 + §mr2¢2 +V(r) (7.19a)
L =mrvy = mrd (7.19Db)

These are then, for given values of E and L, two first-order ODES for r(t) and ¢(t). Given
E and L plus two initial conditions such as values of r(0), 7(0), and ¢(0), we can solve them
for r(t) and ¢(t).
The explicit formal solution is as follows:
First, we note that since contains only 7 and ¢, we can use it to solve for ¢ and
then remove it from ((7.19al):
. L
o= ) (7.20)
and therefore

1 1 L\’ 1 L?
E = —mi* + —mr? (—) +V(r) = =msi* + + V(r) (7.21)

2 2 mr? 2 2mr?

Equation ([7.21]) is then a single first-order ODE for r(t). We can solve for

- m B I

which can then be solved by integration

/(::) \/E — / \/7 dt—t\/7 (7.23)

2mr

Once we've got r(t), we can then plug it into 7.20 and integrate to get

+/0 o(t) dt’:¢(0)+/0 %@,)dt’ (7.24)
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7.4 Effective Potential

We’ve just described formally how one could solve a central force motion problem. It may
often turn out, though, that the integrals and can’t be evaluated in closed
form. It is thus useful to be able to gain more insight into the problem by other methods of
analysis.

Look at the conserved total energy . Although we started out with a three-
dimensional problem and thus among other things a different expression for the kinetic
energy, the end product actually looks a lot like the energy in a one-dimensional problem.
Recall that this is

1
E = §mj$2 + V(z) (7.25)
while our total energy can be written in the form
1
E = §m7'"2 + Ve (r) (7.26)

where )

2mr?
is the so-called “effective potential”. We’ve reduced our three-dimensional problem to an
equivalent one-dimensional problem where the only complication is the addition to the po-
tential energy of a term, dependent on the angular momentum L, which accounts for the
rotational motion. This is often referred to as the “centrifugal barrier”, since it blows up at
small 7.

Equation allows us to use all the same methods as we did back in one-dimensional
potential problems, but with V.g as the potential. For example, at a given energy F, the
turning points r; are the solutions to Vig(r,) = E, and a stable equilibrium occurs at a
minimum of V,g. Now, of course, equilibrium means constant r. The angular coérdinate ¢,
meanwhile, is always changing at a rate

Vegr(r) = V(r) + (7.27)

. L
= 7.28
b= (7.25)
So the “equilibrium” corresponds to a circular orbit, around which the particle moves at a
constant angular speed. In general, for a given value of L, which fixes a given Vg(r), this
can only occur at particular values of r.
As in the one-dimensional case, if we are near the equilibrium radius 7, for a given Vog(r),

the r value of the particle will oscillate about r. with a frequency

1
WR ~ %H—w (729)
m

On the other hand, the angular frequency of the azimuthal motion will be
L
We R —— (7.30)

2
mrg

and in general these two will not be the same, so the orbit will not close, leading to something
like Symon’s figure 3.34.
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7.5 Finding the Trajectory

As mentioned above, the integrals (7.23) and (7.24]) for (¢) and ¢(¢) often can’t be evaluated
in closed form. Sometimes it’s easier to find the shape of the orbit r(¢) and not worry about
when the particle reaches which position. For given E and L, we get a first-order equation

dr 7 £\/2/m\/E—V(r)— L*/2ms?
do g N L/2mr? (7:31)

In practice, it often turns out to be even easier to work in terms of u(¢) = 1/r(¢). This is
because

du 1 dr 7 V2[E =V (r)]/m — (L/mr)?] _ :F\/Qm[E —V(1/u)] .2

@ AT T Ljm Z

(7.32)
We’ll see this in detail when we consider the potential energy which is meaningful for gravity.

7.6 Kepler’s Second Law

In the 17th century, Johannes Kepler discovered three empirical properties of planetary
orbits, which are known as Kepler’s Laws of Planetary Motion. They are:

1. Planetary orbits are in the shape of ellipses with the Sun at one focus.

2. A planet moves around its orbit at such a rate that the line from the planet to the Sun
sweeps out equal areas in equal intervals of time.

3. The cube of the semimajor axis of a planet’s orbit is proportional to the square of its
orbital period.

[saac Newton subsequently used these laws to deduce the nature of the gravitational in-
teraction. The first and third laws turn out to be consequences of the particular spatial
dependence of the gravitational interaction, but the second holds for any central force, being
a consequence of the conservation of angular momentum.

This can be seen by considering the wedge swept out in a time dt. For sufficiently small
time, the change in radius is negligible, and the area is approximately that of a circular
wedge of radius r and angular extent d¢ = ¢dt. This is approximately a triangle height r
and base r d¢, which has area

1 1 M L
A== — 2 - )
d 2r(r do) 5" odt o dt (7.33)

and since L is a constant for a central force, so is

dA L
—_— = 7.34
dt 2m ( )
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8 Inverse-Square-Law Forces

A very useful special case of a central force is one inversely proportional to the square of the

distance: oM
m
F(r)=— 2 (8.1)
This is the gravitational force on a particle of mass m due to a point source of mass M fixed
at the origin.

The potential energy corresponding to this force is

/GMmd GMm

V(r) = + const (8.2)

y W=

r r

The conventional choice of the zero of the potential sets the constant to zero:

V()= - 8.3)

this has the property that V' (co) = 0.

8.1 Finding the Turning Points
We can examine the behavior by looking at the effective potential

Vi(r) = ~GMm L (8.4)

T 2mr?

At small r, as long as L # 0, the centrifugal term blows up faster and dominates:

L2
V() =5 — 8.5
At large r, the other term goes to zero more slowly, and eventually dominates:
r—00 GM
Vig(r) =% ———" (8.6)
r

Qualitatively, then we see the behavior that there is a local minimum r, for which V (r.) < 0.
Orbits with £ > 0 have one inner turning point r; = ry;, at which Veg(r;) = E. (The
value of r; will of course depend on E and L.)
Orbits with £ < 0 have two turning points yin < re < rmax at which Veg(ry) =
We write the equation for the turning points as
GMm L?

E=-— +
T4 2mr?

E.

(8.7)

Again, it turns out to be easier to work in terms of u = 1/r, in which case the turning points
are given by
L,
—u; — GMmu; — FE =0 8.8
om ! (88)
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or

2G Mm? 2mE
u; — 77Ut =0 (8.9)

12
The solutions to this quadratic equation are

GMm? GMm2\*> 2mE GMm? 2F L2
_ + — T 1+ — 1
e \/( 2 > T L2 ( \/ +((;Mn)?m) (8.10)

Note that if

(GMm)*m
E<——— 8.11
ST e (8.11)
both roots are imaginary, which corresponds to an energy below the minimum of the effective

potential.
As an exercise, check that the dimensions work out.
Define the positive constants

L2
2F 2
- .1 — - .12b
c \/ * (GMm)?m (8.12D)
so that
u=a ' (1+e) (8.13)

Now, note that

e If ¥ <0, e <1 and both roots are positive, meaning there are two turning points, as
we expect:

— The maximum value of u, which corresponds the the minimum value of r, the
closest approach of the particle to the origin, which is known as periapse, is

u, =a (1 +¢) (8.14)

— The minimum value of u, which corresponds the the maximum value of r, the
farthest displacement of the particle from the origin, which is known as apodpse,
is

Uy = a (1 —¢) (8.15)

e [f £ =0, e =1 and one root is zero, meaning that the minimum value of u is zero and
the maximum value of r is infinite, so there is no apoépse, and the periapse is still

u, =a '(1+¢) (8.16)

e If £ >0, > 1 and one root is negative, meaning that the minimum allowed value of
w is still zero and the maximum allowed value of r is still infinite, so as in the marginal
E =0 case, there is no apoapse and the periapse is located at

u, =a '(1+¢) (8.17)
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8.2 Finding the Trajectory

Now we’d like to do the integral to find u(¢) and thus r(¢). In all three cases, g—g vanishes
at the periapse u, = a~(1+¢), so let’s use that as our lower limit of integration. Let’s take
the upper limit of integration to be some ¢ > ¢, between the two turning points, so that

Z—Z < 0 (since u, is the maximum value of u) and

¢ wP)  Jdu u(¢) du
_¢_/d/_/ ___/ 8.18
i Al N YT NEE— (818)

L2

where we have used V(r) = =M™ — —GMmu.

Now, the integral will look a lot simpler if we substitute for ' and L in terms of o™ and
e. We can do the algebra using the definitions , but in fact we should be able to see
that the argument in the square root must be

1

2m(FE —I—LmeU) —u? = (s —u)(u—u) (8.19)

where
ur = a '(14¢) (8.20)

This is because we got u4 in the first place by setting the quadratic expression appearing
inside the square root to zero, so it has to vanish if u = u, or u = u_. After that, it’s just a
question of getting the right coéfficient (i.e., —1) for the u? term. (If you don’t believe me,
you can do the algebra and check.)

Anyway,
(uy —u)(u—u_) = —u®+(uy +u_)—uju_ = —u*+20 'u—a 3(1-?) = a2 — (o' —u)?
(8.21)
i ()
“ du
— O, = — 8.22
= /a1(1+5) Va2 — (ot —u)? (8.22)

1

This is a doable integral; making the identification z = a™ — u, it’s of the form

dz

which calls for the trigonometric substitution
T =asinf (8.24)
so in our case, we want to define a new integration variable ) by
a ! —u=atesiny (8.25)

In that case,
—du = a e cos ) di (8.26)
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and

Va2 — (a7l —u)2 =aley/1 —sin? ¢ = a lecosyp (8.27)

We'll see we're justified in calling this cos and not — cos when we consider the limits of
integration. The lower limit v, obeys

al—a(1+¢)
a~le

sin, = =1 (8.28)

so if we use

wp:

we're justified in assuming that cos > 0.
Putting it all together, the integral is

¢h_¢p:UKZF%fQISW)d¢::$H_I<g:1:£ﬁﬁ)__g (8.30)

<oh < — (8.29)

bo|
ro | 2

or, to solve for u(¢),

E B0 —sin (540 6y) = cos(0 - 6,) (8.31)

which can be solved to give
1+ e cos(¢ — ¢p)

.32
u(9) 2 (532
or, in terms of the radial coordinate,
«
() (8.33)

T 1+ e cos(¢ — ¢p)

Note that while our definition made some simplifying assumptions about where in the orbit
we were, the solution actually holds in general.

8.3 Orbits in an Inverse-Square Force Field

Equation (8.33) is the equation, in polar codrdinates, of a conic section of eccentricity ¢ and
latus rectum «. Specifically

e [f ¢ > 1, this is a hyperbola with one focus at the origin
e If ¢ =1, this is a parabola with its focus at the origin
o [f £ < 1, this is an ellipse with one focus at the origin

This is basically Kepler’s first law. Kepler only looked at planetary orbits, so he only saw the
ellipses. Long-period comets have approximately parabolic orbits, while a piece of interstellar
debris on a ballistic trajectory around the Sun would have a hyperbolic orbit.
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If we focus on the € < 1 case, it’s useful to define the semimajor axis
!

e=1—7 (8.34)
so that the equation of the orbit is
a(l —&?)
= 8.35
r(@) 1+ ecos(¢p — ¢p) (8:35)
The distances from the origin of periapse and apoépse are
1 — 2
ry, = a(sz) =a(l —e) (8.36a)
1 — 2
rae W2 gy (8.36b)
1—¢
So that
rp+1Te =2a (8.37)

and the semimajor axis is just half the width of the ellipse at its widest point.

8.4 Some notes for mechanics by Brans, March 24, 2006

As a supplement to Whelan’s notes for this class, these may be helpful. There seem to be
some algebraic errors in Whelan’s notes starting at the top of page 41. [I think they have
been fixed now—JTW]

8.4.1 Effective potential and “centrifugal force”

The motion of a particle in a central force necessarily conserves angular momentum, L, and
the motion in the radial direction can be characterized by a total energy

r .
E = §mr2 + Vog(r),

with
2

Veftr) = V() + 5.

So, a co-rotating coordinate system would see the particle moving only in the r direction, one
dimensional, but subject not only to the “true” force, Fi;ye = —%, but to an additional,
repulsive, force,

d L? L?

T dr2me T omrd
Using L = muyr, (here v, is tangential speed) this reduces to

F. = mvf/r,

which is the notorious “centrifugal force” generally vigorously eschewed as fictitious in in-
troductory courses. It must be added, or invented, if we want to use Newton’s 2nd law in a
rotating reference frame. As Whelan points out in his notes, it acts as an effective barrier
to getting to r = 0.
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8.4.2 Turning points

After a motion has been reduced to one dimension, as in this central force one, we can
sketch a graph of the potential (Vg in this case). Recalling that kinetic energy must be
non-negative, for a given constant total energy, E, the allowed/forbidden regions are those
for which

V(r) < E, allowed ,

V(r) > E, forbidden.

The boundary points between these two are called “turning points”, because the kinetic
energy, and thus the speed, must be zero at them. Using u = 1/r, the points, u;, at which
the kinetic energy vanishes satisfy

L2
E =Vyg(1/u) = -GmMu, + —u;}

2m
This agrees with Whelan’s , but the solutions should actually be
Gm*M Gm2*M .2 2mFE
u = = :I:\/( ) (8.38)

These disagree with Whelan’s , unless we double G. I believe that this extra factor of 2
causes problems in some of the rest of his equations, including his definition of «, , used
later in the description of the orbit, . At any rate, above agrees with Symon’s
(3.240), using K = —GmM. [This factor of 2 error has now been corrected in this version of
the notes—JTW]|

8.4.3 Orbit geometry for Newtonian gravity.

The geometry of the orbits, i.e., u(¢), as opposed to the dynamics, u(t), are governed by
equations (7.32) in Whelan or (3.233) in Symon. To see the relationship between these,
square Whelan’s (7.32), using V (1/u) = —GMmu, to get

du2 5 2m
Differentiate this with respect to ¢, and divide by 23—:; to get
d*u N Gm2M
—tu=—=1.
d¢? )
Define w = u — v and get
w0
_ w =
d¢? ’

which is the famous harmonic oscillator equation. Careful mathematical analysis shows
that such an equation has a most general solution which involves two independent arbitrary
constants. By direct substitution we find such a solution to be

w=1u—7=Acos(d— &),
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or
u=1/r=~+ Acos(¢ — ¢p). (8.40)
with A, ¢, as yet arbitrary constants. Differentiating (8.40) with respect to ¢ and using

(8.39), determines

2mkE 9 9 2mkE
7zt = LW)’

which agrees with Symon, (3.241). Finally, choosing coordinates so that ¢, = 0, the orbit
can be described by

A=

u=1/r =~(1+ecose) (8.41)
where
2mE
€ = + L272 <842)

These last two equations describe a class of curves known as conic sections. The distinction
between unbound (r = 1/u can go to co) and bound states (r = 1/u < B for some finite
B) can be translated into € > 1, which corresponds to £ > 0 for unbound, and e < 1,
which corresponds to £ < 0 for bound. Geometrically the unbound states are parabolas and
hyperbolas while the bound states are ellipses.

8.4.4 Some elliptical notes on ellipses.

Our equations (8.41)) and (8.42)) define the path of an ellipse if 0 < €2 < 1, which is true for
our case. To tie this in with other conic section formulations, define

GmM
a= |;n—E|,b:a\/1—62.

You might try several exercises to understand this geometry:
e Show that these equations result in the usual formula for an ellipse,
=2 2
T )
— + = 1, (8.43)
if we set £ = x + ae, shifted from the focus to the geometric center, and, as usual,

r=rcos¢, y=rsingo.

e Compute the area of the ellipse. This is perhaps easiest in the z,y system:
b2 b2$2 /a2
Area = / / dydz.
b2— 172:E2/a2

e From Kepler’s equal areas law, dArea/dt = %, a constant, so the period, 7 satisfies

Get Area=mab.

Tab = —7.
2m

From this, and the definitions of a, b above, get Kepler’s third law.
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A Appendix: Correspondence to Class Lectures

Date Sections | Pages | Topics

2006 February 21 | [1H1.5 3H9 Vector Arithmetic; Bases; Dot and Cross Producst

2006 February 24 |[1.6H2.2[ | |10H14| | Position Vector; Differentiation & Integration;
Vectors in Mechanics

2006 March 3 3(H3.2 15H20[ | Non-Cartesian Coordinates

2006 March 6 3.3H4 21H26| | Spherical Coordinates; Conservation Theorems

2006 March 10 D 27H31| | Fundamentals of Vector Calculus

2006 March 13 67 32H34| | Rotational motion; Central force motion

2006 March 16 7.1H7.4] | [35H38| | Central force motion; Effective Potential

2006 March 20 7.5H7.6| | [39H39| | Central force trajectories; Kepler’s second law

2006 March 24 S 40H46| | Inverse-square-law forces
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