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1 Multivariate Distributions

We introduced a random variable X as a function X (c) which
assigned a real number to each outcome c¢ in the sample space



C. There’s no reason, of course, that we can’t define multiple
such functions, and we now turn to the formalism for dealing
with multiple random variables at the same time.

1.1 Random Vectors

We can think of several random variables X, X5, ... X, as mak-
ing up the elements of a random vector

Xy

Xo
X=|" (1.1)

X
We can define an event X € A corresponding to the random
vector X lying in some region A C R", and use the probability
function to define the probability P(X € A) of this event.

We'll focus on n = 2 initially, and define the joint cumulative
distribution function of two random variables X; and X, as

Fx, x, (%1, 22) = P([X1 < a1] N [Xs < a3]) (1.2)

As in the case of a single random variable, this can be used as a
starting point for defining the probability of any event we like.
For example, with a bit of algebra it’s possible to show that

P[((ll < X1 < bl) N (CLQ < XQ < bQ)]
= F(by,by) — F(by,a2) — F(ay,be) + F(ay,as) (1.3)

where we have suppressed the subscript X, X, since there’s only
one cdf of interest at the moment. We won’t really dwell on this,
though, since it’s a lot easier to work with joint probability mass
and density functions.

1.1.1 Two Discrete Random Variables

If both random variables are discrete, i.e., they can take on either
a finite set of values, or at most countably many values, the
joint cdf will once again be constant aside from discontinuities,
and we can describe the situation using a joint probability mass
function

Px1x, (71, 72) = P[(Xy = 21) N (X2 = 12)] (1.4)

We give an example of this, in which we for convenience refer
to the random variables as X and Y. Recall the example of
three flips of a fair coin, in which we defined X as the number
of heads. Now let’s define another random variable Y, which is
the number of tails we see before the first head is flipped. (If all
three flips are tails, then Y is defined to be 3. We can work out
the probabilities by first just enumerating all of the outcomes,
which are assumed to have equal probability because the coin is
fair:

outcome ¢ P(c) X value Y value

HHH  1/8 3 0
HHT — 1/8 2 0
HTH  1/8 2 0
HTT  1/8 1 0
THH  1/8 2 1
THT  1/8 1 1
TTH  1/8 1 2
TTT  1/8 0 3



We can look through and see that out the joint cdf, but if you do, you get

(

0 <0

0 0<z<ly<3
(1/8 2=3,y=0 1/8 0<2<1,3<y
2/8 z=2,y=0 0 1<z,y<0
1/8 z=1,y=0 1/8 1<x<20<y<l1
1/8 r=2y=1 2/8 1<z<21<y<?2

pxy(@y) = (1.5 / /
1/8 z=1y=1 3/8 1<2<22<y<3
FX,Y(xay) = (16)

1/8 z=1,y=2 4/8 1<z<2,3<y
1/8 z=0,y=3 3/8 2<xr<30<y<l1
L0 otherwise 5/8 2<z<3,1<y<2

6/8 2<r<32<y<3
8/8 2<x,3<y

This is most easily summarized in a table: 4/8 3<z,0<y<1
7/8 3<z,1<y<3

\
This is not very enlightening, and not really much more so if
you plot it:

Yy
pxy(T,y) 0 1 2 3
0 0 0 1/8
1/8 1/8 1/8 0
0
0

2/8 1/8 0
1/8 0 0

W N = O

Note that it’s a lot more convenient to work with the joint pmf
than the joint cdf. It takes a fair bit of concentration to work




So instead, we’ll work with the joint pmf and use it to calculate
probabilities like

2 1 3
P(X +Y = 2) :pry(z,O) —Fpry(l, 1) = g + g = — (17)
and
P[(0<X <2)Nn(Y <1)]
=px,y(1,0) +pxy(L,1) + pxy(2,0) + pxy(2,1)
1 1 2 1 5
=—4+-—4+-—+-—=— (1.8
8 + 8 + 8 + 8 8 (1.8)
In general,
P[(X,Y) e A] = ZPXYSCZ/ (1.9)
(z,y)EA

1.1.2 Two Continuous Random Variables

On the other hand, we may be dealing with continuous random
variables, which means that the joint cdf Fyy(z,y) is continu-
ous. Then we can proceed as before and define a probability den-
sity function by taking derivatives of the cdf. In this case, since
Fx y(x,y) has multiple arguments, we take the partial derivative
so that the joint pdf is

o 82FX,Y(x7y)
Ixy(z,y) = ~oxdy (1.10)

We won’t worry too much about this derivative for now, since
in practice, we will start with the joint pdf rather than differ-
entiating the joint cdf to get it. We can use the pdf to assign a
probability for the random vector (X,Y’) to be in some region
of the (z,y) plane

PX,Y)eA = [[ feyley)dedy — (1.11)

(z,y)€A

For example, for a rectangular region we have

Plla<X<b)N(e<Y <d)] = /ab (/Cd fxy(z,y) dy> dr . (1.12)

We can connect the joint pdf to the joint cdf by considering the
event (—oo < X <z)N(—oco<Y <y):

Pl(—0< X <2)N(—00<Y <y)] = / (/ nytu)du)dt

(1.13)
where we have called the integration variables ¢t and u rather
than z and y because the latter were already in use.

As another example, for the event X + 2Y < ¢, where the
region of integration looks like this:

[CI1eY

No

we have

P(X +2Y <c¢) = /00 ( N fxy(z,y) dy) dx



For a more explicit demonstration of why this works, con-
sult your notes from Multivariable Calculus (specifically Fu-
bini’s theorem) and/or Probability and/or http://ccrg.rit.
edu/~whelan/courses/2013_1sp_1016_345/notes05.pdf

As an example, consider the joint pdf

(1.15)

e 0<r<o00,0<y <00
flzy) = .
0 otherwise

and the event X < 2Y. The region over which we need to
integrate is x > 0, y > 0, x < 2y:

! 1
2 R RRRETIIE o .
=1k
0 |
I I I
0 1 2
xr

If we do the y integral first, the limits will be set by /2 <y <
0o, and if we do the x integral first, they will be 0 < = < 2y.
Doing the y integral first will give us a contribution from only
one end of the integral, so let’s do it that way.

P(X <2Y)= / / e " Vdydr = / e [—e7Y] 22 dx
o Ja2 0

0o 9 00
_ / e—a:e—a:/Q dr = / 6—3x/2 dr = __6—3x/2 _Z
0 0 3 0

(1.16)

2
3

1.2 Marginalization

One of the events we can define given the probability distribution
for two random variables X and Y is X = x for some value
x. In the case of a pair of discrete random variables, this is
P(X =z) =3, pxy(z,y) But of course, P(X =) is just the
pmf of X; we call this the marginal pmf px(z) and define

px(r) = P(X =2) = > pxy(,y) (1.17)
px(y) = P(Y =y) =Y pxy(z,y) (1.18)
(1.19)

Returning to our coin-flip example, we can write the
marginal pmfs for X and Y in the margins of the table:
Y

pxy(z,y) 0 1 2 3 | px()
0 0 0o 1/8] 1/8
/8 1/8 1/8 0 3/8
2/8 1/8 0 0 3/8
/8 0 0 0 1/8
p(y) | 478 2/8 1/8 18
For a pair of continuous random variables, we know that
P(X =) =0 but we can find the marginal cdf

Fe) = PxX <) = [ ( | it dy) a (1.20)

and then take the derivative to get the marginal pdf

fx(x) = F)/((,CE) = /_OO fX7y(.iE,y) dy (121)

w N = O

and likewise

fr(y) = /_OO fxy(z,y)de (1.22)


http://ccrg.rit.edu/~whelan/courses/2013_1sp_1016_345/notes05.pdf
http://ccrg.rit.edu/~whelan/courses/2013_1sp_1016_345/notes05.pdf
http://ccrg.rit.edu/~whelan/courses/2013_1sp_1016_345/notes05.pdf
http://ccrg.rit.edu/~whelan/courses/2013_1sp_1016_345/notes05.pdf

The act of summing or integrating over arguments we don’t
care about, in order to get a marginal probability distribution,
is called marginalizing.

Thursday 10 September 2015
— Read Section 2.2 of Hogg

1.3 Expectation Values

We can define the expectation value of a function of two discrete
random variables in the straightforward way

Elg(X1,X5)] = > g(w1, @) plwr, 22) (1.23)

1,22

and for two continuous random variables
EloiXa) = [ [ glonaa) flon v donds (129

In each case, we only consider the expectation value to be de-
fined if the relevant sum or integral converges absolutely, i.e.,
if £(]g(X1,X2)|) < co. Note that the expectation value is still
linear, i.e.,

Elk191(X1, Xo)+koga2 (X1, Xo)| = k1 E[g1 (X1, Xo)|+kaE[g2(X1, X>)]
(1.25)
1.3.1 Moment Generating Function

In the case of a pair of random variables, we can define the mgf
as

it =) o { () (3))] -2 ()

(1.26)

where tT is the transpose of the column vector t.

We can get the mgf for each of the random variables from the
joint mgf

MXl (tl) = MXl,Xz(thO) and MX2(t2) = MX17X2(07t2)
(1.27)
We’ll actually mostly use the mgf as an easy way to identify the
distribution, but it can also be used to generate moments in the
usual way:

am1+m2
EX™Xy™ = ——— M(t,t 1.28
[ 1 2 ] am1tlam2t2 ( 1 2) (t1t2)—(0.0) ( )

1.4 Transformations

We turn now to the question of how to transform the joint dis-
tribution function under a change of variables. In order for the
distribution of Y7 = uy (X7, X5) and Yo = us( Xy, X3) to carry the
same information as the distribution of X; and X5, the transfor-
mation should be invertable over the space of possible X; and
X, values, i.e., we should be able to write X; = w;(Y7,Y2) and
Xy = ”LUQ(Yl, Yz)

1.4.1 Transformation of Discrete RVs

For the case of a pair of discrete random variables, things are
very straightforward, since

P([Yi =y N [Yz2 =)

([ur (X1, Xo) = y1] N [ua (X1, Xo) = yo])
(X1 =wi(Y1,Y2)] N [Xo = w2(Y1, Y2)])
Px1,% (W1 (Y1, y2), wa(y1, y2))

Pyi,y, (yh y2)

? (1.29)



For example, suppose

)T 2 =0,1,2,.0 22 =0,1,2,...

Px1xa (21, 22) = 0 otherwise

(1.30)
If we define Y; = X;+X, and Y5 = X;— X, then X; = 1522 and
Xy = Yl%Y? The only tricky part is figuring out the allowed set
of values for Y] and Y5. We note that % >0 and 52 >0
imply that, for a given vy, —y; < y» < y;. That’s not quite
the whole story, though, since W and #5# also have to be
integers, so if y; is odd, y must be odd, and if y; is even, s
must be even. It’s easiest to see what combinations are allowed
by building a table for the first few values:

(Y1, 12) 0 1 2 3
0](0,00 (1,-1) (2,-2) (3,-3)
1 (1,1) (2,00 (3,-1) (4,-2)

= 21(2,2) (3,1) (4,00 (5 -1)
3133 (42 (51) (6,0

So evidently y; can be any non-negative integer, and the possible
values for y, count by twos from —y; to y;.

(l)yl Y1 20,1,2,...;

= 2 ==y, +2,...,y1 —2

Pyi.Y, (ylv y2) Y2 Y1, =41 ) y Y1 » Y1
0 otherwise

(1.31)

1.4.2 Transformation of Continuous RVs

For the case of the transformation of continuous random vari-
ables we have to deal with the fact that fx, x,(z1,22) and

fviva(y1,y2) are probability densities and the volume (area) el-

ement has to be transformed from one set of variables to the
. 2
other. If we write fx, x,(z1,22) ~ dﬁlcll?xz and fy, v, (y1,92) ~
d2p
dyrdy2’

the transformation we’ll need is

2P

dlL’lde‘Q

d*P
dy,dys

a(l‘l, ZL’Q)
6(91792)

‘det (1.32)

where we use the determinant of the Jacobian matrix

D) Oy1 Oy
<y17y2) _ <6m1 gm) (133)

a(l’l,xg) g—:ﬁ %

which may be familiar from the transformation of the volume
element

a(yla yz)

det
(xla X2

dy dys = dxy drs (1.34)

if we change variables in a double integral.

To get a concrete handle on this, consider an example. Let X
and Y be continuous random variables with a joint pdf

4p—a?—y? 0<zr<oo, 0<y<oo

fxy(z,y) = {”

0 otherwise

(1.35)

If we want to calculate the probability that X2 + Y? < a? we
have to integrate over the part of this disc which lies in the first
quadrant x > 0, y > 0 (where the pdf is non-zero):



The limits of the z integral are determined by 0 < x and 22 +
y? < a, ie., v < \/a? — y?; the range of y values represented
can be seen from the figure to be 0 < y < a, so we can write the
probability as

P(X?+Y?<a® / / V' dz dy (1.36)

but we can’t really do the integral in this form. However, if we
define random variables R = v/ X2 4 Y2 an ¢ = tan (Y /X),
so that X = Rcos® and Y = Rsin ®, we can write the proba-
bility as

P(X?+Y?%<a®) = P(R<a) = / /f}w ¢)drdep (1.38)

if we have the transformed pdf fg ¢ (7, ¢). On the other hand, we
know that we can write the volume element dx dy = r dr d¢. We

!Note that we can only get away with using the arctangent tan=!(y/z)
as an expression for ¢ because x and y are both positive. In general, we
need to be careful; (z,y) = (—1, —1) corresponds to ¢ = —37/4 even though
tan~!([~1]/[~1]) = tan=!(1) = 7/4 if we use the principal branch of the
arctangent. For a general point in the (z,y) plane, we’d need to use the

can get this either from geometry in this case, or more generally
by differentiating the transformation

x r COS ¢
(y) _ (rsm ¢) (1.39)
to get

dx\ (cos¢dr —rsingdep) (cos¢ —rsing) [(dr
<dy) - <sin ¢ dr + rcos ¢ dqb) - (sin ¢ rcosd ) (dqﬁ)
(1.40)
and taking the determinant of the Jacobian matrix:

d(z,y) |cos¢ —rsing| 9 Y
det o) |sing reose =rcos”¢+rsin“¢p =r (1.41)
so the volume element transforms like
O(z,y) ‘
dx dy = ‘det drd¢ = rdrdeo 1.42
2(r, ) 4

Even if we knew nothing about the transformation of random
variables, we could use this to change variables in the integral

(1.36) to get

/ /M4 ey dxdy—/ﬂm/o e rdrdé (1.43)

function

tan~l(y/z) =7 2z <0andy <0

—m/2 r=0andy <0
atan2(y,z) = < tan~!(y/x) x>0 (1.37)
/2 z=0andy >0

tanl(y/z)+7 z<0andy >0

¢ = atan2(y, z) to get the correct ¢ € [—m, ).



If we compare the integrands of ([1.43) and (1.43) we can see
that the transformed pdf must be

re”™ 0<r<oo; 0<¢<m/2

0 otherwise

fro(r,¢) = { (1.44)

Incidentally, we can calculate the probability as

/2 ay ) a , ,|a
P(R<a):/ / —e_rrdrdgb:/ e 2rdr=—e"
0 o T 0 0

=1—-e"

(1.45)

To return to the general case, we see there are basically two
things to worry about: one is the Jacobian determinant relating
the volume elements in the two sets of variables, and the other is
transforming the ranges of variables used to describe the event,
as well as the allowed range of variables. In general terms, if
S is the support of the random variables X; and X5, i.e., the
smallest region of R? such that P[(X;, X5) € 8] =1 and T is
the support of Y; and Y5, we need a transformation of the pdf
fx,.x, (21, 22) defined on S such that

P[(Xl,XQ) < A] = jj thXQ(l‘l,xQ) d[El dl’g
A

= ff fyviyva (1, 92) dyr dyo = P[(Y1,Y2) € B] (1.46)

where B is the image of A under the transformation, i.e.,
(71,72) € A is equivalent to {uy(z1,z2),us(x1,22)} € B. Since

a change of variables in the integral gives us

jj le,Xg(xlaxZ) dxy dzs
A

8(5131, 272)

det
I(y1,Y2)

= ff Ix1,x0 (W1 (Y1, ¥2), wa (Y1, 42)) dy, dys
B

(1.47)

we must have, in general,

8(1’1, .ZEQ)

det
8(917 yz)

Ix1., (w1 (Y1, y2), wa(y1, y2))

(y1,92) € T (1.48)

le,Yg(yla?h) =

which is the more careful way of writing the easier-to-remember
formula we started with:

d’P
dx 1 dx 2

d*P
dy,dys

8(;1:1, xg)
a(y17y2>

‘det (1.49)
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2 Conditional Distributions

2.1 Conditional Probability

Recall the definition of conditional probability: for events C}
and Cy, P(Cs|CY) is the probability of Cy given C}. If we recall
that P(C) is the fraction of repeated experiments in which C'
is true, we can think of P(Cy|C}) as follows: restrict attention
to those experiments in which (] is true, and take the fraction
in which Cj is also true. This conceptual definition leads to the



mathematical definition

P(Cy N Cy)

P(C2|Cl) = P(Cl)

(2.1)

A consequence of this definition is the multiplication rule for
probabilities,

P(C1 N C) = P(Cs|Ch)P(Ch) (2.2)

This means that the probability of C; and Cj is the probability
of 'y times the probability of Cy given 7, which makes logical
sense. In fact, since one often has easier access to conditional
probabilities in the first place, you could start with the definition
of P(Cy|CY) as the probability of Cy assuming C;, and then
use the multiplication rule as one of the basic tenets of
probability. An extreme expression of this philosophy says that
all probabilities are conditional probabilities, since you have to
assume something about a model to calculate them [

One simple consequence of the multiplication rule is that we
can write P(Cy N Cy) two different ways:

dividing by P(C5) gives us Bayes’s theorem

P(C,|Ch)P(Ch)
P(Cy)

P(C1]Cy) = (2.4)

which is useful if you want to calculate conditional probabilities
with one condition when you know them with another condition.

2See E. T. Jaynes. Probability Theory: The Logic of Science for this
approach.

10

2.2 Conditional Probability Distributions

Given a pair of discrete random variables X; and X, with joint
pmf px, x,(z1,22), we can define in a straightforward way the
conditional probability that X, takes on a value given a value
for X;:

X1,
Px,|x, (wg,xl) = P(X1 = x1|X2 = iUz) - w (2.5)

Px, (xl)

where we've used the marginal pmf

pX1($1> = ZpX17X2(:U17x2) (26)

We often write poj1 (2]21) as a shorthand for px,|x, (x2|®1). Note
that conditional probability distributions are normalized just
like ordinary ones:

ZP2|1(ZU2’951) _ ZP(SL’1,SL’2) _ ng p(x1, z2) _ p1(z1) _

pi(z1) pi(z1) pi(z1)
(2.7)
If we have a pair of continuous random variables with joint
pdf fx, x,(z1,22), we'd like to similarly define

T2

f2‘1(£€2|1‘1> = lgligl P(Il — § <X; < ZL’1|X2 = .132) (28)

But there’s a problem: since X5 is a continuous random variable,
P(Xy =) = 0, which means we can’t divide by it. So instead,
we have to definite it as

. T1,T
f2‘1<1}2|x1> = lim = P(x1—§1<X1§x1]x2+§2<X2§:c2) = —f( ! 2)
€110 fi(z1)
£210
(2.9)



where fi(z1) = [°o f(z1,x2) dz, is the marginal pdf. Again,
the conditional pdf is properly normalized:

” > [y, z9) dag (2,
/ Jop (xa|z1) day = f_oo 1 ) _ filz1)

00 fi(x1) fi(z1)

Note that faji(22]21) is a density in 9, not in 2;. This is also
important in the continuous equivalent of Bayes’s theorem:

fip(w1|ze) = f2|1(96;2|f;i{1(x1) . (2.11)

=1 (2.10)

2.2.1 Example

Consider continuous random variables X; and X5 with joint pdf

f(flfl,l‘g) = 61‘2, O<zoa<ai <1 (212)
The marginal pdf for x; is
fl(fEl) = / 625 dry = 333'%, O<x <1 (213)
0

so the conditional pdf is

f2|1($2’$1) = M = 2%»

fi(z1) L1

which we can see is normalized:

O<zo<m <1l (2.14)

* o x
/ fop(@2|z1) dzy = / 22 duy = —L =1 (2.15)
—00 0

2.2.2 Conditional Expectations

Since conditional pdfs or pmfs are just like regular probability
distributions, you can also use them to define expectation values.

11

For discrete random variables X; and X5 we can define

E(u(X,)| X1 = 1) = E(u(Xs)|11) = Y ul@s)pay (z2|21)

T2

if Z [u(22)| poyi (v2]1) < 00 (2.16)

z2

and for continuous:

Eu(X2)| X1 = 21) = E(u(X2)|21) = ) w(z2)pay1 (2]r1) ds
if /OO [u(2)| paji (z2]@1) drg < 00 (2.17)

This is still a linear operation, so

E(k:lul(Xg) + k2U2<X2)|$1) = klE(ul(X2)|ZE1) + E(UQ(X2>|ZL‘1)

(2.18)
We can define a conditional variance by analogy to the usual
variance:

Var(X2|x1) = E{[XQ - E(X2|.T1)]2|SL’1} (219)

and since the conditional expectation value is linear, we have
the usual shortcut

Var(X2|x1) = E(X22|ZL‘1)2 - [E(X2|l'1)]2 (220)

Returning to our example, in which fo;(2s|z1) = 273, 0 <
1
To < 11 < 1, we have

x1 2
E(X,|z)) = / 2222 day = Sy (2.21)
0 Ty 3

and

x1 1
E(Xy%|21) = / 2 213—3 dxy = —a? (2.22)
0 .xl 2



SO
X =
Var(Xsfar) = 3 3 18
Note that E(X;|z;) is a function of z; and not a random
variable. But we can insert the random variable X; into that
function, and define a random variable E(X5|X;) which is equal
to E(X3|x1) when X; = x1. This random variable can also be
written

1 2 \? 22

[e.9]

E(X2|X1) = / I2f2|1(X1,$2) d$2 (224)

—00

Note that
EIB(XG|X,)] = /Z E(Xale) fi (1) dars
:/Z/ngf2|1(x2|m1)f1(x1)dx2dx1 (2.95)
:/Z /(:ng(xl,@)dxgdml — E[X)]

So E(X5|X;) is an estimator of E(X5). It can be shown that
Var[E(X»|X1)] < Var(Xs) (2.26)

so F(X5|X7) is potentially a better estimator of the mean E(X5)
than X, itself is. (This isn’t exactly a practical procedure,
though, since to evaluate the function E(Xs|x;) you need the
conditional probability density foj1(x2|21) for all possible x.)

In our specific example, since E(X|z1) = 221, E(X2|X1) =
%Xl. We can work out

EE(Xol)] = E (§X1> = /oo §$1f1<-751)d$1 .
N 2.2

12 1
= /0 §x1(3xf) dr, = 3

12

o (2.28)

! 4
= /0 §xf(3x%) dr, = T

BUECXY = B (3x2) = [~ fotho) do

so that
4 1 16-15 1
EOGIX) = — — = = .
Varl BE(Xo|X1)] = 1= = 60 60

To get E(X,) and Var(X,) we need the marginal pdf

(2.29)

1
fg(l’g) = / 615 d[L‘l = 61’2(1 — ZEQ), O<ay <1 (230)

€2

from which we calculate

' 1 1\ 6 1
E X — 1 - — —_ — — = — = —
(X2) /O (22)622(1 — ) dzo = 6 (3 4) 5= 3
(2.31)
and
' 1 1\ 6 3
B(X,?) = /0 (22)629(1 — 25) dog = 6 <Z - 5) =55 =10
(2.32)
w0 3 1 6—05 1
Xo)=——-=—"=— 2.
Var(X2) =35 -7= "0 ~ (2.33)
from which we can verify that in this case
1
E(Xo]X0) = 5 = E(Xy) (2.34)
and X X
EXy|X))]==< =< X 9235
Var[E(X,|X1)] 50 = 20 < Var(X)) (2.35)



Thursday 17 September 2015
— Read Sections 2.4-2.5 of Hogg

2.3 Independence

Recall conditional distribution for discrete rvs X; and X,
p2|1(:c2|x1) = P(Xy = 1| Xy = 1)
P((Xi=m|N[Xo=1x3])  p(z1,22) (2.36)

P(X1 =) — p(x)
or for continuous rvs X; and X,
f(xla x?)
=L\ ore) 2.37
f2|1(ZL‘2|ZE1) f(l'l) ( )
Consider the example
flz1,29) =675  O<a;<1, O0<ay<l1 (2.38)
The marginal pdf for X is
1
fl(xl) = / 6I11’% diL’Q = 2I1 (239)
0
which makes the conditional pdf
6 2
fg‘l(ill'z’l'l) = ;11:2 = 3%% O<mx < 1, O<ay <1 (240)
x1

Note that in this case fo(22|2) doesn’t actually depend on z;,
as long as x is in the support of the random variable X;. This
situation is called independence. In fact, it’s easy to show that
in this situation fo1(22|z1) = fa(x2), i.e., the conditional pdf for
X5 given any possible value of X is the marginal pdf for Xs:

fo(zs) = /OO f(x1,22) day = /oo fop(@a|z1) fi(z1) day

= fopn(2|z1) /OO Ji(@1) duy = fopn (z2]21) (X1 & X, indep.)

(2.41)
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where we can pull fo1(z2|z1) out of the x; integral because it
doesn’t actually depend on z1, and we use the fact that the
marginal pdf fi(z1) is normalized. We thus have the definition

(X1 & X, independent) = (f2|1(a:2|a:1) = fa(xo) for all (z1,x9) € S)

(2.42)
This is not the most symmetric definition, and it’s not imme-
diately obvious that fon(22]21) = fa(xe) implies fijo(21]z2) =
fi(z1). But it does because of the following result

(X1 & X, independent) iff f(xy,z0) = fi(z1)fa(x2) for all (zq,x2)
(2.43)

(We don’t need to specify (z1,z5) € S because we can think
of fi(z1) and fo(z2) as being equal to zero if their arguments
are outside their respective support spaces.) It’s easy enough
to demonstrate (2.43). If we assume f(z1,22) = fi(21)fa(z2),
then fo1(zalz1) = %ﬁgm) = fa(x2) as long as fi(z1) # 0.
Conversely, if we assume foji(22]21) = fo(22), then f(z1,22) =
fop(@2]21) fi(21) = fi(21) falma).

If X; and X, are not independent, we call them dependent
random variables. We can consider a couple of examples of
dependent rvs:

2.3.1 Dependent rv example #1

First, let

0< <1, 0< <1
0 otherwise

f(xla 1'2) = {
Then

1
1
fl(xl) = / (1’1 + .IQ) dry = x1 + 5 O<m<l1 (245)
0



and

T+ X2
1

T + 3

f2|1($2|1‘1) = O<a < 17 O<zog <1 (246)

which does depend on z1, so X; and X, are dependent.

2.3.2 Dependent rv example #1

Second, return to our example from Tuesday, where

f(.Z‘l,ZL’Q) = 61’2, O<ay<ai <1 (247)
and we saw
Xz
f2|1(l'2|.’l31) = 233—;, O<ay < <1 (248)

1

again, this depends on x1, so X; and X, are dependent.

2.3.3 Factoring the joint pdf

We don’t have to calculate the conditional pdf to tell whether
random variables are dependent or independent. We can show
that

(X1 & X, independent) iff f(x,z2) = g(xq)h(xs) for all (z1,x2)

(2.49)
for some functions g and h. The “only if” part is trivial; choose
g(x1) = fi(z1) and h(za) = fa(xe). We can show the “if” part
by assuming a factored form and working out

[e.o]

fite) = [ " g)h(as) dry = g(m) | e 250

oo —00

The integral ffooo h(zy) dzo is just a constant, which we can call

¢, so we have g(z1) = fi(z1)/c and f(x1,72) = fi(z1)h(z2)/c.
Then we take

Ja(w2) = h(?) /_OO fi(zy)dry = i) (2.51)

C
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which means that indeed f(z1,22) = fi(x1) fa(z2).

Our two examples show ways in which the joint pdf can fail
to factor. In (2.44)), 1 + x2 can obviously not be written as a
product of g(z1) and g(zs). In (2.47), it’s a little trickier, since
it seems like we could write 621 = (621)(1). But the problem is
the support of . If we took, for example,

6r; O<zi<l1
= 2.52
9(x1) { 0 otherwise ( )
and
1 O<zy<1
h = 2.93
(x2) { 0 otherwise ( )

we’d end up with

g(a1)h(z2) = {

which is not the same as the f(x1,22) given in (2.47). In general,
for the factorization to work, the support of X; and X, has to
be a product space, i.e., the intersection of a range of possible x;
values with no reference to x5 and a range of possible x5 values
with no reference to x1. Some examples of product spaces are

6r; O<zi <1, O<ay<1

) (2.54)
0 otherwise

e 0<z<1,0<ay<1
o —Il<<,0<zy<?2
e 0 <y <00, —00 < Ty <0

e <y <00, 0<zy <1
some examples of non-product spaces are

e U<y <m <1
e <o <a9 <00

o i +ua3<1



2.3.4 Expectation Values

Finally we consider an important result related to expectation
values. Let X; and X5 be independent random variables. Then
the expectation value of the product of a function of each ran-
dom variables is the product of their expectation values:

Eluy (X1)ug(X2)] = /_OO /_OO uy (zq)ua(x2) fi(zr) fa(xe) doy dxg

_ (/: s (z1) o) da:l) (/_Z us(22) Folx2) dx2>

In particular, the joint mgf is such an expectation value, so

M(tl, t2> =F (6t1X1+t2X2) =F (€t1X1) FE <€t2X2) = Ml(tl)MQ(tQ)
= M(t1,0)M(0,t5) (X1 & X5 indep.)
(2.56)

It takes a little more work, but you can also prove the converse
(see Hogg for details) so

(X1 & X, independent) iff M(ty,t2) = M (t1,0)M (0, t5)
(2.57)
You showed on the homework that in a particular case
M (t1,0)M(0,ty) # M(t1,t2); in that case the random variables
were dependent because their support was not a product space.

3 Covariance and Correlation
Recall the definitions of the means

px = B(X)  and oy = E(Y) (3.1)
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and variances

0% = Var(X) = E([X — px]?) (3.2a)
oy = Var(Y) = BE([Y — uy]?) (3.2b)

We can define the covariance
Cov(X,Y) = E([X — ux][Y = v]) (3.3)

Dimensionally, pux and ox have units of X, puy and oy have
units of Y, and the covariance Cov(X,Y') has units of XY It’s
useful to define a dimensionless quantity called the Correlation
Coéfficient:
~ Cov(X,Y)
P= 0x0y
On the homework you will show that —1 < p < 1.

One important result about independent random variables is
that they are uncorrelated. If X and Y are independent, then

(3.4)

Cov(X,Y) = E([X — px][Y — py]) = BE(X — pux) E(Y — py)
= (ux — px)(py —py) =0 (X & Y indep.) (3.5)

On the other hand, the converse is not true: it is still possible
for the covariance of dependent variables to be zero.

Tuesday 22 September 2015
— Read Section 2.6 of Hogg

4 Generalization to Several RVs

Note: this week’s material will not be included on Prelim Exam
One.



4.1 Linear Algebra: Reminders and Notation

If A is an m X n matrix:

A A - A
A Aoy -+ Ay,

A= TR ? (4.1)
Aml Am2 Amn

Biy Bi By,
B — BZl B?2 B2p (42)
Bnl Bn2 Bnp

then their product C = AB is an m X p matrix as shown in
Figure 1| so that Cj, = Z?:l A;;Bjy.

If A is an m x n matrix, B = A" is an n x m matrix with
elements B;; = Aj;:

Bll B12 Tt Blm All A21 o Aml

B'21 B.22 e B2m _B- AT _ A'12 A.22 e AmQ

Bnl Bn2 e Bnm Aln AZn o Amn
(4.4)

If v is an n-element column vector (which is an n x 1 matrix)
and A is an m X n matrix, w = Av is an m-element column
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vector (i.e., an m X 1 matrix):

w1 Ay A - Aln U1

W2 Ay Agy -+ AQn V2
=w=Av= )

W, Aml Am2 e Amn Un,

Anvr + Apvg + -+ Apu,
A21U1 + A22U2 + -+ Aznvn

Apavr + Apmova + - -+ Apntn

so that w; = 7| Ajju;.

If u is an n-element column vector, then u
row vector (a 1 x n matrix):

T is an n-element

ul = (u1 Ug -+ un) (4.6)

If u and v are n-element column vectors, u'v is a number,
known as the inner product:

n
= ULV + UVg + - -+ + UV, = E U;V;
=1

If v is an m-element column vector, and w is an n-element



Chn Ci - Cy A Ap
. C.21 C.22 C.2p _ A.21 A.22
Cot Coo  Cop)  \ A Ao

Ay By 4 ApBo + -+ A1 Bi

+ AQanl

Ao By + AgeBoy + - -

A1 B+ Ay Boy + -+ -

Aln
A2n
Amn
A11Big + A12Bas +
A1 Byg + AgaBas +

+ Apn B ApiBia + Ao Bag +

By By -+ By

Figure 1: Expansion of the product C = AB to show Cj, = Z?’:l Ai;Bj.

T

column vector, A = vw" is an m X n matrix

A A Ay,
Ay Ago Agp T
) =A=vw
Aml Am2 Amn
U1 nw v1w2 - V1Wp
V2 Vw1 VW2 -+ VaWp
= | (w1 w W) =
Um VW1 UVpWo - - U W,

(4.8)

so that A;; = vw;.

If M and N are n x n matrices, the determinant det(MN) =
det(M) det(IN).

If M is an nxn matrix (known as a square matrix), the inverse
matrix M1 is defined by M~'M = 1,,,.,, = MM™! where 1,,,,,
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By Byy -+ DBy,
B, Bn, --- B,
b ’ (4.3)
et Alan2 AllBlp + A1232p +- Alanp
oo+ Agp B Ao1Byp + AgoBop + -+ + Ag, By,
st Aman2 AmlBlp + Am2B2p + -+ Amanp
is the identity matrix

If M~! exists, we say M is invertible.
If M is a real, symmetric n x n matrix, so that M" = M,
ie., Mj = M,;, there is a set of n orthonormal eigenvectors

{v1,va,...,v,} with real eigenvalues {\;, Xo,..., A\, }, so that
Myv; = A\;v;. Orthonormal means

0 it

1 ©v=

where we have introduced the Kronecker delta symbol 4;;. The
eigenvalue decomposition means

=1



The determinant is det(M) = []'_; A;. If none of the eigenvalues
{\;} are zero, M is invertible, and the inverse matrix is

-1 —~1

M = ; )\iVlvi (4.12)
If all of the eigenvalues {\;} are positive, we say M is positive
definite. If none of the eigenvalues {\;} are negative, we say M
is positive semi-definite. Note that these conditions are equiv-
alent to the more common definition: M is positive definite if
vIMv > 0 for any non-zero m-element column vector v and
positive semi-definite if vIMv > 0 for any n-element column
vector v.

4.2 Multivariate Probability Distributions

Many of the definitions which we considered in detail for the case
of two random variables generalize in a straightforward way to
the case of n random variables. It’s notationally convenient to
use the concept of a random vector X as in ((1.1)), so for example,
the joint cdf is

In the discrete case, the joint pmf is
px(x) =P([Xi =N [Xo=ax)N---N[X,=2,]) (4.14)

while in the continuous case the joint pdf is

an
fx(x) = mFX(X)
_hmP([xl_€1<X1§xl]ﬂm[xn_£n<Xn§xn])
Calo &b
fn:w

(4.15)
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The probability for the random vector X to lie in some region
ACR"is

P(XGA):/---/fx(x)dxl---dxn (4.16)
A

4.2.1 Marginal and Conditional Distributions

One place where the multivariate case can be more complicated
than the bivariate one is marginalization. Given a joint distri-
bution n random variables, you can in principle marginalize over
m of them, and be left with a marginal distribution for the re-
maining n — m variables. To give a concrete example, consider
three random variables { X;|i = 1,2, 3} with joint pdf

fX(X):{6 O<JI1.<I2<I3<1 (417)

0 otherwise

We can marginalize over X3, which gives us a pdf for X; and
X, (i.e., still a joint pdf);

0 1
fX1X2(517175U2):/ fX1X2X3($1,932,$3)d353=/ 6 dxs

2

(4.18)

o 6(1—.1'2) D<oy <aa<1
o otherwise

by similar calculations, we can marginalize over X, to get

o0 3
fX1X3(x17I3):/ fX1X2X3(151,$2;553)d$2:/ 6 dzsy

1

. 6(%3—1’1) O<ri<x3 <1
0 otherwise
(4.19)



or over X to get

o0 2
Fxoxs (22, 23) Z/ Fxixoxs (21, 22, 23) dy :/ 6 dx,
—00 0

. 6rs O<ay<zy3<l1
0 otherwise
(4.20)

If we want the marginal distribution for X, we marginalize over
both X5 and Xs:

le(xl)Z/ / fX1X2X3<x17I27$3)d$2d5U3

0 1
- / fX1X2 (xla C5‘2) de - / 6(1 — ZUQ) d.’L'Q

O<m<l1
(4.21)

=3 (1—2)?”] =3(1—a)?

T2=T1

of course, if we marginalize in the other order, we get the same
result:

fx, (1) = /_oo fxixs (21, 23) dvs = / 6(z5 — 1) drs

1
xr3=1

=31-2)* O0<x<1

(4.22)

ey 3 (.TS - x1)2|x3=x1

Similarly, we can marginalize over X; and X3 to get

1
fXQ(Ig) = / 69 dlE3 = 65(]2(]_ — ZL'Q) O<ra <1 (423)

€2

and

3
[ (w3) = / 6rodry =375 0<a3<1 (4.24)
0
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The various joint and marginal distributions can be combined
into conditional distributions such as

fi23(z1, w2, 3) 1
= = 0< < < <1
f13|2($1,$3|902) fz(ZEz) xg(l — :L'z) T < To < I3
(4.25)
and
1
frjps(z1 |22, 23) = fr23(21, 22, T5) = — O<ai<a9<a3<1
f23($2,$3) Z2
(4.26)
and
1
fijp(1]m2) = M = — O<zy <zo<1 (4.27)

fz(iEQ) T2

4.2.2 Mutual vs Pairwise Independence

The notion of independence carries over to multivariate distribu-
tions as well. We say that a set of n random variables X, ..., X,
are mutually independent if we can write

, ) = fi(z1) fa(wz) - fol2n) (4.28)

for all xP| You can show straightforwardly that this implies
fij(xi,x;) = fi(z;) fj(z;) for each ¢ and j, i.e., any pair of the
random variables is independent. This is known as pairwise
independence. However, pairwise independence doesn’t imply
mutual independence of the whole set. There is a simple coun-
terexample from S. N. Bernsteinﬁ Suppose you have a tetrahe-
dron (fair four-sided die) on which one face is painted all black,

f(zy, xe, ...

3Except possibly at some points whose total probability is zero.

4Hogg doesn’t actually give the Bernstein reference, just says this is
“attributed” to him. The original reference is to a book from 1946 which is
in Russian. But there is a more recent summary in Stepniak, The College
Mathematics Journal 38, 140-142 (2007), which is available at http://
www.jstor.org/stable/27646450 if you're on campus and http://www.
jstor.org.ezproxy.rit.edu/stable/27646450 if you're not.


http://www.jstor.org/stable/27646450
http://www.jstor.org/stable/27646450
http://www.jstor.org/stable/27646450
http://www.jstor.org/stable/27646450
http://www.jstor.org.ezproxy.rit.edu/stable/27646450
http://www.jstor.org.ezproxy.rit.edu/stable/27646450
http://www.jstor.org.ezproxy.rit.edu/stable/27646450
http://www.jstor.org.ezproxy.rit.edu/stable/27646450

one all blue, one all red, and one painted with all three colors.
Throw it and note the color or colors of the face it lands on.
Define X to be 1 if the face landed on is at least partly black,
0 if it isn’t, X5 to be 1 if the face is at least partly blue and 0 if
not, and X3 to be 1 if the face is part or all red, 0 if not. Any
two of these random variables are independent. For example, of
the four faces, one is all black, one is all blue, one is both black
and blue, and one is neither black nor blue, so the joint pmf for
X, and X5 is

pr2(21, T2) 0 2 L | pi(x)
0 /4 1/4] 12

i 1 1/4 1/4| 1/2
po(za) | 1/2 1/2

On the other hand, it is clear that pios(x1,29,23) #
p1(21) pa(z2) ps(z3) since the right-hand side would be 1/8 for
each combination of x; € {0,1}, x5 € {0,1}, 23 € {0, 1}, rather
than the true pmf, which is

(1/4 2, =0,25=0,25 =1
1/4 x1=0,29=1,23=0
Pro3(@1, 2, 3) = ¢ 1/4 21 =120 =0,23 =0 (4.29)
1/4 zy=1ay=1u23=1

0 otherwise

\

Thursday 24 September 2015
— Read Sections 2.7-2.8 of Hogg

Note: this week’s material will not be included on Prelim Exam
One.
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4.3 The Variance-Covariance Matrix

Recall that the covariance of random variables X; and X; with
means p; = £ (X;) and p; = £ (X)) is

Cov(Xy, Xj) = E([Xi — p][X; — p5]) (4.30)

In particular, the covariance of one of the rvs with itself is its
variance

Cov(X;, X;) =FE ([XZ — ui]Z) = Var(X}) (4.31)
We can define a matrix 3 whose elements’|
oi; = Cov(X;, X;) (4.32)

are the covariances between the various rvs, with the diagonal
elements being equal to the variances. We can write this in
matrix notation by first defining

p=FE(X) (4.33)

i.e., a column vector whose ith element is p; = F (X;). Then
X — p is a column vector whose ith element is X; — u;. Looking
at and we see that the elements of the matrix X
are the expectation values of the elements of the matrix whose
i,j element is [X; — ;][X; — p;]. This matrix is

X1 —
Xo — o
[X—p)[X — p]" = . (X1 = Xo— po X = fin)
(4.34)

5This is a really unfortunate notational choice by Hogg, if you ask me,
since the variance of a single random variable is written o2, not o, and e.g.,
we're defining o;; = (0;)?. Among other things, if the random vector X has
physical units, o; and o;; have different units.



X1 —
Xo — o

: (X1 = Xo— po X = pin) =
Xn_ﬂ'n

[Xl - M1]2
(X1 — ][ Xa — po]

(X0 — m][Xo = pin]

(X1 — ][ Xo — po]
[X2 - M2]2

(X1 — ][ X0 — pia]
[Xo — p2][Xn — pin]
: (4.35)

[Xo — pa][ Xy — ] (X — :“n]2

Figure 2: Elements of the random matrix [X — p][X — p]*

i.e., the outer product of the random vector X — p with itself,
whose elements are spelled out in (4.35) in Figure [2| (Note that
this is a random matriz, a straightforward generalization of a
random vector.) Thus the variance-covariance matrix, which we
write as Cov(X), is

Cov(X) =X =E ([X — p][X — p]") (4.36)

Note that Cov(X) must be a positive definite matrix. This can
be shown by considering

v Cov(X)v = E (v'[X — p][X — p]"v) (4.37)

Now, the inner product v'[X — p] is a single random variable
(or, if you like, a 1 x 1 matrix), and so if we call that random
variable Y, the fact that the inner product is symmetric tells us
that

X —p]'v=Y =v'X -y (4.38)

and so

viCov(X)v=E(Y?) >0 (4.39)

4.4 Transformations of Several RVs

the case where we have n random variables
., X, with a joint pdf fx(x) and wish to obtain the

Consider
{X1, Xs, ..
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joint pdf fy(y) for n functions Y7 = uy(X), Yo = ue(X), ...,
Y, = u,(X) of those random variables. (We can summarize this
as Y = u(X).) For simplicity, we assume the transformation is
invertible, so that we can write X; = wi(Y), Xo = we(Y), ...,
X, = w,(Y), or equivalently X = w(Y). (See Hogg for a dis-
cussion of the case where the transformation isn’t single-valued.)
We refer to the sample space for X as S, and the transformation
of that space (the sample space for V) as 7. Consider a subset
A C S whose transformation is B C 7. Then X € A is the
same event as Y € B, so

/.A../fx(x)dxln-dxn:P(XEA)

= P(Y € B) z/---/fy(y)dy1---dyn (4.40)

We can change variables in the first form of the integral, with
the result that A is transformed into B, and the volume element

becomes
det (8_)() ‘ dy, - - - dyy,
Jy

dxy---dx, = (4.41)




where g—; is the Jacobian matrix
Oxy Oz . Om
) B 9
Ox Oyr  Oy2 Oyn
— =1 : o (4.42)
ay . . .
Oz Oxyn ,, Ozn
Oyr  Oy2 Oyn,

SO we can write

[ [ = [ [ sxiwis)
:/.../fy(y)d"y

In order for this equality to hold for any region A, the integrands
must be equal everywhere, i.e.,

()
(4.43)

det %

Fx(y) = fx(w(y)) dy

(4.44)

4.5 Example #1
Consider the joint pdff]

120z122 0 < T1,T9, X3, T1+ T2+ T3 < 1

0 otherwise

fx(I1,$2,$3) = {
(4.45)

SIncidentally, this is a real example, a Dirichlet distribution with pa-
rameters {2,2,1,1}.

and define the transformation

X5

Y; = 4.46a
'TX 1+ X+ X3 ( )
Xo
Y, — 4.46b
? X1+ Xo + X3 ( )
3/3 :X1 +X2+X3 (446C)
which has the inverse transformation
X, =YY, (4.47a)
Xy =Y5Y5 (4.47b)
Xy = (1-Yi - Y)Ys (4.47c)
The Jacobian matrix of the transformation is
0
Ox Y3 Y1
—Ys —Y3 (1 — Y — y2)
with determinant
0
Ox Y3 n
det — =1 0
Dy s v (4.49)

—y3 —ys3 (1 —y1— o)
2 2 20N _ 2
= ys(1 =1 —y2) — (=501 — Ys2) = 3
The sample space for X is
S={0<z, 0<x, 0< 23, &1 + 22+ 123 <1} (4.50)
so we need to find the corresponding support space for Y
T={0<w1ys, 0 <ways, 0 < (1 —y1 —y2)ys, ys3 <1} (4.51)

To see how we can satisfy this, first note that the first three
conditions imply 0 < y3. This is because, in order to satisfy



the first two, we have to have y;, y» and ys3 all positive or all
negative. But if they are all negative then (1 —y; —y9)y3 cannot
be positive. Since we thus know 0 < ys, the first two conditions
imply 0 < y; and 0 < y,. The third condition then implies
0<1—y; —1ys,ie., y; +yo < 1. The necessary and sufficient
conditions to describe the transformed sample space are thus

TE{0<y1,O<y2, y1+y2<1,0<y3<1} (452)

Putting it all together, we have a pdf of

Py, v2,93) = fx(V1ys, vous, [1 — y1 — yalys) v2
{120y1y2y§ 0<y, 0<uyo, n412<1, 0<y;<1

0 otherwise
(4.53)

4.6 Example #2 (fewer Ys than Xs)

It’s also possible to consider transformations between differ-
ent numbers of random variables. Il.e., we can start with
fxyx,(x1,...,2,) and use it to obtain fy,..v,, (y1,- .., Ym) given
transformations Y; = u;(Xy,...,X,) even when m # n. If
m > n it’s a bit tricky, since the distribution for the {Y;}
is degenerate. But if m < n, its relatively straightforward.
You considered the case where n = 2 and m = 1 by a dif-
ferent approach, using the joint pdf fx,x,(x1,22) to obtain
Fy(y) = P(u(zy,22) < y) and differentiating, but we con-
sider a more general technique here. We can make up an ad-
ditional n — m random variables {Y,,.1,...,Y,}, use the ex-
panded transformation to obtain fy,..y,(v1,...,¥ys), and then
integrate out marginalize over these n — m variables to obtain
the marginal pdf fy,..y,, (y1, ..., Ym). Any set of additional func-
tions {upmi1(z1, .., Zn), ..., Up(z1,. .., x,)} will work, as long as
the full transformation we end up with is invertible.

23

As an example, return to the pdf (4.45)), but consider the
transformation

Xi
Y, = 4.54a
! X1+ Xo+ X5 ( )
Xo
Y, = 4.54b
2TOX 4 Xy + X ( )

and obtain the joint pdf fy,v,(y1,72). Well, in this case we
already know a convenient choice, Y3 = X; + Xy + X35. We
have thus already done most of the problem, and just need to
marginalize (4.53)) over Y3 to obtain the pdiﬁ]

fY1Y2<y17y2> = / fY1Y2Y3(yl7y27y3> dyS

1
24 0 <y1, 0<ys, + 1y <1
:/ 1204, ygyédygz{ Y1 Y2 yl' Y2, Y1 T Y2
0 0 otherwise

(4.55)

Tuesday 29 September 2015
— Review for Prelim Exam One

The exam covers materials from the first four weeks of the term,
i.e., Hogg sections 1.5-1.10 and 2.1-2.5, and problem sets 1-4.

Thursday 1 October 2015 — First Prelim Exam

“This turns out to be a Dirichlet distribution as well, this time with
parameters {2,2,1}.
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